
 

 

 

 

ABSTRACT 

Statistical Considerations in the Analysis of Multivariate Phase II Testing 

Joel D. Hetzer, Ph.D. 

Mentor: Dennis A. Johnston, Ph.D. 

 
In medical diagnosis and treatment, many diseases are characterized by multiple 

measurable differences in clinical (e.g., physical or radiological differences) and 

laboratory parameters (biomarkers) from “healthy levels”.  Each of these differences is a 

symptom of the disease often correlated with the other symptoms. In Phase II human 

trials, the level of a single symptom is often used as a surrogate for disease level.  In 

multi-symptom diseases, all relevant symptoms often should be included in the 

evaluation, thus a multivariate approach to Phase II analysis becomes critical. In this 

dissertation we formulate seven (7) multivariate tests for use in multivariate Phase II 

studies.  Each method is evaluated using metabolic syndrome with data obtained from the 

public domain data set, NHANES III as an example to train the algorithms and the 

associated tests.     
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CHAPTER ONE 

Introduction 

 
1.1 Scope of the Dissertation 

 In medical diagnosis and treatment, multiple measurable changes in clinical and 

laboratory biomarkers characterize an increasing number of diseases. Experts loosely 

refer to these types of diseases that involve more than one symptom as a syndrome.  Each 

of these changes is considered a symptom of the disease and often reflects a separately 

defined disease in its own right.  Physicians often treat a patient diagnosed with the 

syndrome with treatments intended to reduce each symptom individually to healthy 

levels.  This approach can cause drug interaction and can just be “medicating” the 

symptoms and not addressing an underlying cause. 

The United States Federal Drug Administration (USFDA) developed guidelines 

for the current drug development mechanism.  The methodology has developed very 

rapidly over the last 50 years based primarily upon a univariate model.  Most of the 

pharmaceutical industry has proposed single agents to reduce a single symptom.  The 

USFDA guidelines suggest multiple phases in drug testing.  In these phases the drug is:  

determined to be safe (Phase I), efficacious (Phase II), and compared against other agents 

used singly or in combination (Phase III) (Millard 2001).  As the pharmaceutical industry 

designs more sophisticated treatments or combinations of treatments (e.g., combination 

pills like avandamet® and cadawit® or new research based upon a single cause such as 

CAMKK2 (Anderson, et. al., 2008)) that treat more than one symptom, a multivariate 

approach to Phase II efficacy analysis becomes more critical.  Currently, there is little 
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available in the literature in the area of creating multivariate Phase II Trials (Chib 1998, 

Thall 1998, Thall 2004, Bekele 2005).  We will analytically research various possible 

methods of creating a multivariate Phase II Trial.  We considered a univariate approach on 

multiple variables, as is traditionally done in Phase II Trial, but this approach assumes 

independent treatment effects and symptoms which is not justifiable for a syndrome.  

 A p-tuple of estimates ( )1 2, , , py y y=y …  of the biomarkers obtained from clinical 

and laboratory parameters define the syndrome for an individual, Y, where the biomarkers 

are measures of the symptoms.  For each symptom there are typically minimum and 

maximum “healthy” limits ( ) ( )1 2 1 2, , , , , , ,L L L Lp U U U Upy y y y y y⎡ ⎤= =⎣ ⎦y y… …  defined 

statistically or medically from populations of healthy individuals.  We will call these 

healthy limits, “healthy standards”.  In general, health can be considered as having 

biomarkers within the healthy standards.  In many cases we will use the mean of the 

healthy population as a surrogate for the measure of central tendency of the healthy 

standards.  The goal of the treatment is to change the biomarkers or symptoms of the 

disease back toward the healthy standards.  In many cases there are no true “Gold 

Standards” of health either because experts disagree as to what the limits are or the 

biomarkers serve as poor surrogates for the disease.  Often there are several working 

definitions of a syndrome with multiple symptoms.  For example, there are four widely 

used definitions of metabolic syndrome (see Chapter 2).  The objectives of this 

dissertation are then to: 

1. Develop and formulate multivariate Phase II Trials evaluating the treatment’s 
effectiveness in improving the biomarkers and thus treating the disease.  
We have developed seven separate methods augmented from the literature 
and applied these methods to tests for Phase II Trial.  These are given in 
Chapters 4-9. 
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2. Investigate the characteristics of each method using metabolic syndrome as the 
example.  We use metabolic syndrome as an example in order to determine how 
the various tests proposed in this dissertation can be applied to create various 
multivariate Phase II Trials for treatment. 

3. Summarize the efficacy, deficiencies, and attributes of the various methods in 
testing both metabolic syndrome and extrapolated to other syndromes defined 
by multiple symptoms. 

4. Compare the methods for power on the same simulated data sets based upon 
the metabolic syndrome. 

 
 

1.2  Phase II Trial 

 Traditionally Phase II Trials are performed in a single stage, but more recently as 

a multiple stage (Friedman 1998, Simon and Thall 1997) and adaptive multi-stage trials 

(Chang and Chow 2008).  The trial is often one-armed (the agent) and tested versus a 

medical standard of improvement (e.g., often a proportion of patients improving to a 

fixed level).  Sometime the trial is conducted as a competitive “play-the-winner” designs 

using two or more arms (Zelen 1969, Simon 1991, Tamura et. al. 1994, Rosenberger 

1999) to choose a treatment to carry to Phase III.  As this dissertation extends Phase II to 

syndromes measured by multiple symptoms, the discussion will be limited to single stage 

designs with the thought that, once perfected, the extension to multiple stage designs will 

be clearer.  To satisfy some definitions of Phase II, we include a control group in the 

Phase II discussion as well as the single arm version of the trial.  See Simon (2000) for a 

discussion of control group trials.  The improvement tested by Phase II tests constitutes a 

change toward healthy standards as determined by physicians or experts in that area of 

disease research.   
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1.3 Why the Use of Metabolic Syndrome as an Example 

Cardiovascular disease (CVD) is the leading cause of death in the United States. 

Factors such as high blood pressure, hyperglycemia (diabetes), hypertriglyceridemia 

(high triglycerides), hyperlipoproteinemia (high cholesterol (low HDL, high LDL) and 

includes hypertrigylceridemia in certain types), and obesity have been implicated in early 

onset and advanced CVD.  The interrelationship of these diseases has been known since 

the early 1900’s as hypertension-hyperglycaemia-hyperuricaemia syndrome (Byrne and 

Wild 2006) and later as the metabolic syndrome (Grundy et. al. 2004) during the early 

2000’s.  Many experts think that metabolic syndrome might be treated with a single 

treatment rather than the conglomeration that results from treating each symptom 

independently, as is currently the treatment modality.  Metabolic syndrome has been linked 

to both CVD and to the individual diseases listed above. 

 Metabolic syndrome while only having one general definition has many working 

diagnostic definitions.  The four major working definitions of metabolic syndrome will 

be used here as created by agreements of: (1) the World Health Organization (WHO 

1999), (2) the International Diabetes Foundation (IDF 2005), (3) the 2001 National 

Cholesterol Education Program (NCEP) Adult Treatment Panel (ATP III) (NCEP 2001), 

and (4) the European Group for study of Insulin Resistance (EGIR) (Hills et. al. 2004).  

 
1.4 The Use of the NHANES Data Set 

Before a multivariate Phase II Trial of metabolic syndrome can be proposed, the 

assumptions in the literature and the correlation of the symptoms need to be determined.  

The Third National Health and Nutrition Examination Survey (NHANES III) data 

(DHHS 1996) is available in the public domain and consists of clinical and laboratory 
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data on some 30,000 subjects, generally disease-free, including both adults and 

children.  These data are not a true random sample but augmented to guarantee 

adequate representation of minorities.  For the purposes of this dissertation, this is not 

an impediment to use, as each minority was randomized and the data will represent a 

cross-section of the respective populations within the U.S.  The characterization and 

application of the various methods first on this large sample and then the use of the 

sample population to generate a directed simulation for the Phase II trial comparisons 

is the major application in this dissertation. 
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CHAPTER TWO 
 

 Materials and Methods 
 
 

2.1 Metabolic Syndrome Description 
 

The metabolic syndrome definition is that at least 6 factors such as blood pressure 

(both systolic and diastolic), obesity, cholesterol (HDL/LDL and triglycerides), and 

glucose levels are associated (correlated) and together create a syndrome in which people 

are at a higher risk factor for CVD.  There are currently four working definitions of the 

syndrome from four different international organizations, each of which uses a collection 

of univariate symptoms to define the disease (which we will designate as “multi-

univariate”):   

The World Health Organization (WHO) from a panel convened in 1998 primarily 

defines metabolic syndrome by high plasma glucose levels (WHO 1999).  The subject 

must also have high elevated fasting blood glucose or elevated post meal glucose to be 

considered as having metabolic syndrome.  In addition, the subject must meet at least two 

of the following criteria: 

Abdominal Obesity: Waist to hip ratio greater than 0.9, a body mass index BMI 
(weight/height2) of at least 30 kg/m2, or a waist measurement over 37 inches (94 
cm.). 

Cholesterol: Triglyceride level of at least 1.7 mmol/dl or HDL cholesterol lower than 0.9 
mmol/dl. 

Blood pressure: A blood pressure of 140/90 or above or on treatment for high blood 
pressure. 

 
The second European Group for study of Insulin Resistance (EGIR) in 1999 

proposed a modified version of the WHO definition (Hills 2004).  This definition is 

similar to the WHO definition but requires the subject to have Insulin resistance defined 
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as hyperinsulinemia or the top 25% of fasting insulin values among the non-diabetic 

population.  It also requires two of the following to be met:  

Abdominal Obesity: Waist circumference greater than 37 inches (94 cm) for male and 
31.5 inches (80 cm) for female. 

Cholesterol: Triglyceride levels of at least 2.0 mmol/L or HDL cholesterol lower than 1.0 
mmol/L or on treatment for cholesterol. 

Blood pressure: A blood pressure of 140/90 or above or on treatment for high blood 
pressure. 

Glucose level: Fasting plasma glucose level over 2 hours after meal glucose level 
between 6.1/7.8 mmol/L and 7.0/11.1 mmol/L. 

 
The 2001 National Cholesterol Education Program (NCEP) established 

guidelines under the Adult Treatment Panel (ATP III) defining metabolic syndrome as 

meeting at least three of the following criteria (NCEP 2001):  

Abdominal Obesity: Waist circumference greater than 40.2 inches (102 cm) for male and 
34.6 inches (88 cm) for female. 

Triglycerides: Triglyceride level of at least 1.7 mmol/dl 
Cholesterol: HDL cholesterol lower than 1.04 mmol/dl for men and 1.29 mmol/dl for 

women. 
Blood pressure: A blood pressure of 130/85 or above. 
Glucose level: Fasting plasma glucose level of  6.29 mmol/dl or above.  
 

The International Diabetes Federation (IDF) as a way of bringing together the 

previous three definitions proposed a definition for metabolic syndrome using central 

obesity as the primary factor (IDF 2005).  As well as central obesity, the subjects must 

have at least two other contributing factors. 

Abdominal Obesity (required): Waist circumference greater than 37 inches (94 cm) for 
European males 35.4 inches (90 cm) for Asian Males and 31.5 inches (80 cm) for 
females. 

 
Two of the following: 
 
Triglycerides: Triglyceride levels of at least 1.7 mmol/L  
Cholesterol:  HDL cholesterol lower than 1.04 mmol/L for men 1.29 mmol/L for women 

or on treatment for cholesterol. 
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Blood pressure: A blood pressure of 130/85 or above or on treatment for high blood 
pressure. 

Glucose level: Fasting plasma glucose level 5.6 mmol/L or greater. 
 

We will primarily use the World Health Organization (WHO) definition of 

metabolic syndrome in this dissertation as it is one of the most well-known definitions.  

This also has the advantage of addressing CVD instead of diabetes.  This is advantageous 

because our initial query dealt with CVD which is, potentially, a more deadly and 

pervasive disease than diabetes.  

Contained in all of the definitions of metabolic syndrome are the other known 

diseases of hyperlipidemia, hypertension, hyperglycemia, and obesity.  Hypertension is 

diagnosed if a patient has a blood pressure greater than 140/90 (Chobanian et. al., 2003). 

Obesity is diagnosed if the patient has a waist circumference greater than 40 in. in males 

and 35 in. in females (National Institutes of Health, 1998).  Hyperglycemia is diagnosed 

if the patient has a fasting blood glucose of more than 7.0 mmol/dL (Leeuwen et al., 

2006, pg 693).  Hypertriglycerimia occurs when a patient has a triglyceride level > 2.26 

mmol/dL (Leeuwen et al., 2006, pg 1236).  Hypercholesterolemia is defined as having 

HDL cholesterol < 0.9 mmol/dL (Leeuwen et al., 2006, pg 375).  Note that many of the 

definitions of metabolic syndrome use these standards while the other definitions use 

lower standards with consideration that the other diseases can be present.  Currently, 

metabolic syndrome is then defined as a syndrome in which the patient has multiple 

diseases.  If all of these biomarkers are correlated, then the current definitions of 

metabolic syndrome are not sufficient in describing the true syndrome.  
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2.2 Application of the Metabolic Syndrome Definitions to NHANES 

 If the applicable dataset from NHANES is designated: 

 ( )1 2 1, , , ; , ,i i i ipY y y y i n⎧ ⎫′= = =⎨ ⎬
⎩ ⎭

y … …  

Where p=6 are the p biomarkers and n is the sample size, then the above definitions each 

produce a p-vector of cut points ( )1 2, , ,d d d dpc c c=c …  where d designates the definition 

(WHO, IDF, NCEP, EGIR).  For a particular data vector, yi, let: 

1
 for upper cut points

0
and

1
 for lower cut points, 1

0

,

, , ,

ik dk
dik

ik dk

ik dk
dik

ik dk

y c
y c

y c
k p

y c

δ

δ

>⎧
= ⎨ ≤⎩

<⎧
= =⎨ ≥⎩

…

 

Then the diagnosis rule can be made: 

WHO

WHO

IDF

IDF

NCEP

NCEP

EGIR 1 EGIR
1EGIR

1 2

0 Otherwise

1 2 and above 25% for non-diabetics

0 Otherwise

1 3

0 Otherwise

1 1 and 2

0 Otherwise

,
ik

ki

ik
ki

ik
ki

i ik
ki

δ

δ

δ

δ δ
>

⎧ ≥⎪∆ = ⎨
⎪⎩
⎧ ≥⎪∆ = ⎨
⎪⎩
⎧ ≥⎪∆ = ⎨
⎪⎩
⎧ = ≥⎪∆ = ⎨
⎪⎩

∑

∑

∑

∑

 

Where ∆=1 indicates a diagnosis of metabolic syndrome and 0, otherwise.  Also, the first 

biomarker is waist circumference (k=1). 

 
 
 
 



10 
 

2.3 Programs 

 We created and performed all of the data processing and programming in SAS for 

Windows, Version 9.1 (SAS Institute, Caryville, NC).  For the creation of the histograms 

we used JMP version 5.1 (SAS Institute, Caryville, NC).  For the Bayesian Logistic 

Regression found in Sections 6.6 and 7.6, we used WinBUGS (Lunn et. al., 2000). 
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CHAPTER THREE 
 

Data Description 
 
 

3.1 Data Procurement Methodology 

The data used in the analysis for this dissertation came from publicly-available 

NHANES III dataset, a dataset containing medical information on more than 30,000 

individuals including children from 1988 to 1994.  The NHANES program is a program 

of the National Center for Health Statistics, Centers for Disease Control and Prevention 

(CDC) (DHHS 1996).  The participants in this dataset were interviewed and given a 

direct physical examination.  The NHANES program survey examines a nationally 

representative sample of about 5,000 persons each year.  These persons are located in 

counties across the country, 15 of which are visited yearly.  The health interviews are 

conducted in the respondent’s homes.  Examinations are performed in mobile 

examination centers.  Transportation is provided to and from the examination center and 

participants receive compensation in order to encourage participation.  In order to provide 

reliable data for certain subsets of the population, the following subsets were over-

sampled: 15-19 year olds, 60 and older, Mexican American, and African Americans. 

Because of the scope of the NHANES program, NHANES intended that these results 

would be generalizable to the American population.  Due to the attempt to have a 

representative sample, the locations where the testing took place were not selected 

randomly.  For the purposes of this dissertation, this is not an impediment to use, as 

each minority was randomized and the data will represent a cross-section of the 

respective populations within the U.S.  Further, Weiss, et al. (2004), Park, et al.(2003), 
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and Ford, et al. (2002) have used the NHANES data as a representative sample of the 

U.S. for metabolic syndrome. 

 While the NHANES dataset included children, we exclude children under the age 

of 18 from our sample because the definitions of metabolic syndrome are formulated for 

adults.  We also determined that in order to ensure that medication did not play a role in 

the correlation structure, those individuals taking medication within the past 24 hours 

were excluded.  Waist circumference can be used for all of the various definitions of 

metabolic syndrome, therefore in order to standardize the study, we used waist 

measurement as the standard measure of obesity.  We excluded participants having 

missing values.  The missing values excluded accounted for 9.5% of the initial sample. 

Many of these (37.8%) were missing because earlier in the study the measure of waist 

circumference was not required.  Another 56.0% of the missing observations were 

missing blood glucose levels for indeterminable reasons.  Because of the nature of the 

study these values can be missing more from certain years or locations.  In terms of the 

values for blood glucose, we believe it reasonable to assume that these values are missing 

at random.   

This dissertation uses the CGS units for the biomarkers that follow: Waist 

circumference (cm), Triglycerides (in mmol/L), Systolic Blood Pressure (in mmHG), 

Diastolic Blood Pressure (in mmHG), Blood Serum Glucose level (in mmol/L), Serum 

HDL Cholesterol (in mmol/L).  In the tables and equations that follow, these biomarkers 

will be referred to as follows: Waist circumference (Waist), Triglycerides (TG), Systolic 

Blood Pressure (SBP), Diastolic Blood Pressure (DBP), Blood Serum Glucose level 

(Glucose), Serum HDL Cholesterol (HDL).  For the total sample of 9347 participants 
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who had not taken any medication and had no missing values, Table 1 summarizes the 

individuals determined by each definition to have Metabolic Syndrome and Table 2 lists 

the summary statistics. 

 
Table 1: Average Values for Factor Involved in Metabolic Syndrome (mean±sd) 

Metabolic 
Syndrome 
Definitions Number Waist TG      SBP DBP Glucose  HDL  

EGIR 2144 
102.70 
±11.08

2.55 
±1.69 

128.40 
± 19.08

78.67 
±11.33 

5.71 
±2.02 1.03± 0.33

WHO 1908 
105.38 
±9.66 

2.59 
± 1.64 

129.89 
±18.59

79.35 
±11.32 

5.80 
±2.09 1.05± 0.31

ATP 1300 
105.60 
±11.06

2.71 
±1.77 

131.80 
± 18.99

79.97 
±11.49 

6.36 
±2.70 1.00±0.24 

IDF 1921 
103.36 
±11.10

2.52 
±1.68 

130.09 
± 19.20

78.95 
±11.03 

6.09 
±2.33 1.02±0.26 

Total 
sample 9347 

91.21 
± 13.88

1.47 
±1.14 

121.11 
± 17.10

73.68 
±10.39 

5.26 
±1.41 1.32±0.39 

 
  

 

 

 

 

 

 

 
We also examined the factor of gender as shown in Table 3 and 4 with Table 3 

summarizing the breakout by metabolic syndrome definitions and Table 4 showing the 

summary statistics of the other factors with respect to gender. Note the large differences 

between the number of males and females defined to have metabolic syndrome for each 

definition. Using the Chi-squared test for independence, we found the differences 

Table 2: Summary Statistics (n=9347) 
Summary Statistic Mean±sd  Median Skewness 

Waist  91.21±13.88 90.4 0.54 
TG  1.47±1.14 1.16 7.03 
SBP 121.11±17.10 118 1.2 
DBP 73.68±10.39 73 0.29 
Glucose 5.26±1.41 5.05 7.02 
HDL  1.32±0.39 1.27 1.24 
Age 41.1±17.1 37 0.81 
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between the gender and definition to be significant with χ2=58.7; p<0.001.  Also note the 

differences between the males and females biomarkers seen in Table 4.  

We also examined the factor of gender as shown in Table 3 and 4 with Table 3 

summarizing the breakout by metabolic syndrome definitions and Table 4 showing the 

summary statistics of the other biomarkers with respect to gender. Note the large 

differences between the number of males and females defined to have metabolic 

syndrome for each definition. Using the Chi-squared test for independence, we found the 

differences between the gender and definition to be significant with χ2=58.7; p<0.001.  

Also note the differences between the males and females biomarkers seen in Table 4.  

 
 

 
 
 
 
 
 
 
 
 

 

Table 4: Mean of Factors for Male and Female for the Total Sample 
Biomarker Male (n=4823) Female (n=4524) 
Waist  93.05±12.74 89.24±14.75 
TG  1.61±1.31 1.33±0.92 
SBP 124.46±15.48 117.52±18.03 
DBP 76.11±10.27 71.09±9.87 
Glucose  5.33±1.31 5.18±1.50 
HDL  1.24±0.37 1.40±0.40 
Age 41.64±17.37 40.62±16.89 

 

Table 3: Number in Subgroups 
by Gender 

  Male Female 
Total Sample 4823 4524
WHO 1181 727
ATP 644 656
IDF 1004 917
EGIR 1201 943
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While the differences in the mean of the biomarkers for males and females fall within one 

standard deviation of each other over the population used, we determined that the 

probability that these biomarkers are equal for male and female is less than 0.0001 with 

χ2=1117.26 and 6 degrees of freedom using the likelihood ratio test.  Gender is 

considered in all but one of the metabolic syndrome definitions.  In order to account for 

the differences in the mean between the genders, the data will be modified as follow: 

*
Fi Fi FY Y Y Y= − + , where FY  represents the mean of the female’s biomarkers and Y  

represent the overall mean, and *
Mi Mi MY Y Y Y= − + , where MY  represents the mean of the 

male’s biomarkers.   

Age and gender have been known to have an effect on metabolic syndrome 

biomarkers (Byrne and Wild 2006).  The definition of metabolic syndrome contains 

corrections for gender, but no corrections for age.  While differences in biomarkers for 

gender can indicate the same level of health, this is not necessarily true for the variable of 

age.  Consider that the metabolic health of an individual is known to deteriorate as age 

increases.  For these reasons we adjusted the data for gender but not for age.  All future 

discussion of the data for metabolic syndrome will be referring to the gender-corrected 

natural logarithm of the original data. 

 
3.2 Transformation/Standardization Methodology 

As can be seen from Table 2 there is a large left skewness in nearly all of the 

variables.  To adjust for this skewness, we took the natural logarithm of all of the 

variables.  We use the logarithmic transformation not only as an adjustment for skewness, 

but because it is suggested by Brownlee (1967) for variables like glucose, cholesterol and 

triglycerides. These variables are each formed by taking the ratio of two variables which 
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have the form of truncated normal distributions.  The ratio of these two distributions 

creates a distribution which is not tractable.  By taking the log-transformation of such a 

distribution, one obtains the difference of two log-normal distributions.  The log-normal 

distribution can be approximated by a normal distribution for a small σ (Evans 2000).   

As can be seen in Table 5, the logarithmic transformation has nearly completely adjusted 

for the skewness.  The one exception is log Blood Serum Glucose which we will discuss 

later.   

 
Table 5: Log Transformed Summary Statistics 

Biomarker Mean±sd Median Skewness 
Log HDL  0.23±0.29 0.24 −0.01 
Log DBP 4.29±0.14 4.29 −0.29 
Log Waist  4.5±0.15 4.5 0.1 
Log SBP 4.79±0.13 4.77 0.7 
Log Glucose  1.64±0.18 1.62 3.14 
Log TG  0.21±0.56 0.148 0.57 

 
 
Figures 1-6 give histograms of the log-transformed biomarkers from NHANES 

and Figures 7-12 give the q-q plots of the same transformed biomarkers: 

 
 

Figure 1: Histogram of Log (Waist Circumference) with normal curve overlay 
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Figure 2: Histogram of Log (HDL Cholesterol) with normal curve overlay 

 

 
Figure 3: Histogram of Log (Systolic Blood Pressure) with normal curve overlay 

 

 
Figure 4: Histogram of Log (Diastolic Blood Pressure) with normal curve overlay 
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Figure 5: Histogram of Log (Triglycerides) with normal curve overlay 

 

 
Figure 6: Histogram of Log (Blood Glucose) with normal curve overlay 

 

 
Figure 7: QQ-Plot of Log (Waist Circumference) with normal curve overlay 
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Figure 8: QQ-Plot of Log (HDL Cholesterol) with normal curve overlay 

 

 
Figure 9: QQ-Plot of Log (Systolic Blood Pressure) with normal curve overlay 

 
 

 
Figure 10: QQ-Plot of Log (Diastolic Blood Pressure) with normal curve overlay 
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Figure 11: QQ-Plot of Log (Triglycerides) with normal curve overlay 

 

 

Figure 12: QQ-Plot of Log (Blood Glucose) with normal curve overlay 
 

As can be seen in Figures 1 through 6, all of the log data tend to follow the 

normal curve with the exception of Blood Glucose.  The QQ-plots shown in Figure 7 

through 12 also show that the data follow closely to the normal curve with the exception 

of Blood Glucose.  With the exception of blood glucose, Figures 1-12 tend to show that 

assuming the log-transformed data to be normally distributed may not be an unreasonable 

assumption.  Figure 12 suggests that the logarithm of blood glucose may be the sum of 

two normal curves with differing means and variances.   
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A closer look at the q-q plots shows that the tail distributions are not just random 

above or below the best fit line.  For waist circumference, systolic and diastolic blood 

pressure, triglycerides, and blood glucose all show a rise above the best fit line at 

maximum values indicating more subjects at these values indicating more subjects with 

higher (“disease?”) values and thus a positive skewness (medically, a “hyper” condition).  

For HDL cholesterol there is a decrease at the minimum values which does not indicate 

an increase in values. The others, however, show an increase in minimum values which 

indicates the “hypo” condition as well within the population making both tails “heavier” 

than the normal distribution.  This is consistent with a mixture of distributions or an 

extension of the “healthy” distribution beyond the range expected of a normally 

distributed population.  If we use the complete dataset to calculate the means and 

covariance matrix to be used to train the algorithms to detect “healthy” versus “diseased”, 

the means of the biomarkers may be shifted towards “disease” and the magnitude of the 

determinant of the covariance matrix will be greater than that for a “healthy” population 

alone.  Also, if we just use those subjects that fall within the “healthy” designation of the 

syndrome definition, the means will be shifted below that of a “healthy” population with 

the magnitude of the determinant of the corresponding covariance matrix less than that of 

the “healthy” population.  The use of either population to train the algorithms yields 

biased estimates for the population parameters for the “healthy” population.  As is done 

in univariate methods, we will use the complete dataset as it has the covariance with the 

larger determinant and is more nearly normally distributed.  Blood glucose will clearly 

bias the result.  
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Through the methods presented in this dissertation, we address multiple 

syndromes, not just metabolic syndrome.  Therefore, where possible we will develop 

both a test using the assumption that the variables are normally distributed and one that 

does not require normality.   

 
3.3 Covariance Correlation Analysis 

It was of concern that the various metabolic syndrome definitions would have an 

entirely different covariance structures than the structure of total sample covariance 

matrix.  Table 6 gives the correlation structure for the entire NHANES sample and Table 

7 gives the correlation structure for the WHO definition of metabolic syndrome.  

 
Table 6: Total Sample Correlation Structure (n=9347) 

 Waist HDL SBP DBP TG Glucose
Waist  1 −0.34 0.26 0.25 0.36 0.21 
HDL  −0.34 1 −0.03 −0.06 −0.44 −0.16 
SBP 0.26 −0.03 1 0.58 0.14 0.13 
DBP 0.25 −0.06 0.58 1 0.13 0.1 
TG 0.36 −0.44 0.14 0.13 1 0.18 
Glucose 0.21 −0.16 0.13 0.1 0.18 1 

 
 

 

Table 7: WHO Sub-sample Correlation Structure (n=1908) 
  Waist HDL SBP DBP TG Glucose 

Waist  1 −0.15 0.12 0.1 0.1 0.12 
HDL −0.15 1 0.11 0.07 −0.12 −0.08 
SBP 0.12 0.11 1 0.66 −0.03 0.05 
DBP 0.1 0.07 0.66 1 −0.07 0.04 
TG 0.1 −0.12 −0.03 −0.07 1 0.11 
Glucose 0.12 −0.08 0.05 0.04 0.11 1 
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In analyzing the correlation structure of the various definitions of metabolic 

syndrome, we found that for the most part, the correlation between the biomarkers is 

nearly zero with the exception of the correlation between systolic and diastolic blood 

pressure.  This lack of correlation is due to the structure of the definitions of metabolic 

syndrome.  A brief simulation will illustrate the problem.  Consider a simulation of 1000  

bivariate normally distributed points with a mean of (6,4), a variance of 1 and a 

correlation of 0.5. The scatterplot of this simulation is shown in Figure 13.  The lines 

represent the 90% cutoff points for each of the variables with 17.5% of the sample falling 

outside at least one of the lines (the expected percentage if uncorrelated is 19%).  The 

correlation between the two variables for all of the points is 0.425, while the correlation 

for those points outside of the red lines is −0.280, which is markedly different.  Metabolic 

syndrome is defined in a similar way by having cutoff points for the biomarkers, and if 

enough of the patient’s biomarkers fall above these cutoff points, then the patient is 

classified as having metabolic syndrome.  Metabolic syndrome thus creates its own 

“correlation structure” which is more dependent on the definition structure than the 

correlation of any possible metabolic syndrome cluster that can exist.  The cutoff 

structure suggests that there can be a variable 1 “disease”, a variable 2 “disease”, and a 

combined disease which could still have a correlation-looking structure but really be four 

states: normal, variable 1, variable 2, and variable 1 and 2 combined.  
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Figure 13:  Correlation Example 

 
  

-2 

0 

2 

4 

6 

8 

10 

12 

-2 0 2 4 6 8 10 12 14 16

Variable 1 

Variable 2 



25 
 

 
 

CHAPTER FOUR 
 

Principal Component Analysis Method 
 
 

4.1 Statistical Methods 

In this chapter, we investigate the use of the first principal component as a test 

statistic for a Phase II Clinical trial using the NHANES data to “train” the algorithm. 

Principal component analysis (PCA) has been used in many applications, but is mostly 

used as a data reduction technique. Lynn and McCulloch suggested the use of PCA in 

latent variable models (Lynn and McCulloch, 2000).  We propose the use of PCA on a 

large sample to train a test for use with smaller samples from the same population.  By 

creating a test based on a large sample (n>5000), the test is more stabile and inferences 

can be made from the test which are generalizable to the entire population.  This test can 

then be used on a smaller sample size ( 50n ≅ ) of the same population and the inferences 

made by the test should closely represent inferences made if it were possible to create the 

test based off of the entire population.  

Let ( )1 2 1, , , ; , ,i i i ipy y y i n⎧ ⎫′= =⎨ ⎬
⎩ ⎭

… …y  be an i.i.d. random sample from a p-variate 

normal distribution ( )MVN ,µ Σ  with sample mean y  and sample variance-covariance 

matrix S.  Let A be the matrix of principal component found by standard PCA.  For a 

discussion of PCA see Rencher (2000).  

Based upon these standard findings in multivariate analysis, if 

( )1 2, , , n= …Y y y y is a random sample from population with p biomarkers measured for a 

particular syndrome, Ω, and X is a subject independent of Y with unknown diagnosis and 
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x is an independent measurement vector of the p biomarkers, then ( )′= −z A x y  is a 

measure of the distance along each eigenvector from the estimated center of the 

population.  If X is diagnosed with the syndrome and begins a treatment, τ, and 

( )1 2, , , m= …X x x x  forms a series of m measurements over time, then 

( ) , where  m m′ ′= −Z A X yJ J is a column vector of ones of length m.  Z forms a matrix 

of estimated distances from the estimated mean of the population over a time component 

with ( )1 1 m′ ′= −z a X yJ  as the set of distances along the principal eigenvector over time.  

The principal eigenvector is the major axis of variation of the population.  The effect of 

the treatment can then be measured multiple ways the usual of which is taking the last 

observed value of the measurements, or the observed values of measurement for all 

patients at a specific time point after the start of the trial.  Let k be the time point of the 

last observed measurement, if the treatment is successful, at this time point, k, the 

measurements should fall within the healthy standards and ( )1 1 ,k k criticalz z α′= − <a x y  

or the corresponding one-sided confidence limit for the principal direction.  If the data is 

MVN, this critical limit would be in terms of the t-distribution.   

Often the “distance” from healthy standards is used to measure the patient’s 

disease status.  Multiple biomarkers imply the use of linear or more involved 

combinations to measure this distance.  In these cases, an increase or decrease in multiple 

biomarkers would indicate a change towards or away from the mean of the healthy 

population, which can be measured by correlation.  Principal components measure this 

correlation.  Since principal components measure the direction of maximum variation 

using a single composite variable that is the combination of the biomarkers, this 
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dissertation proposes that it can be used as a single surrogate endpoint. The use of 

principal component analysis assumes that only one population exists and that those with 

the disease are part of the overall population.  In some cases such as diabetes, where there 

is a clear measurable difference between those with the disease and those without the 

disease, it may not be appropriate to use PCA in this manner. 

 
4.2 Applications to Metabolic Syndrome 

In the example of metabolic syndrome, the principal components were calculated 

using spectral decomposition on the correlation matrix of the NHANES dataset.    Table 8 

shows these six principal components and their respective eigenvalues. 

 

 

Table 8 shows that the first principal component accounts for 39% of the variability.  

Note that the values of the first principal component are positive for all biomarkers with 

the exception of HDL.  An increase in BP, triglycerides, waist measurement and glucose 

along with a decrease in HDL are accepted as increased risk factors for CVD.  Thus using 

Table 8: Principal Component of Metabolic Syndrome Biomarkers 
  Principal Component 
Biomarker 1 2 3 4 5 6 

SBP 0.4136 0.5476 −0.031 −0.118 0.0238 −0.717 

DBP 0.4063 0.5446 −0.110 −0.184 −0.174 0.6799 

Waist  0.4842 −0.125 −0.071 0.8597 0.0604 0.0475 
TG 0.4432 −0.366 −0.213 −0.373 0.6933 0.07 

HDL −0.383 0.4865 0.2345 0.2502 0.6957 0.1225 
Glucose 0.2937 −0.132 0.939 −0.107 −0.031 0.0448 
Eigenvalue 2.335 1.275 0.842 0.583 0.545 0.421 
Percentage of 
Variance 

39% 21% 14% 10% 9% 7% 
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the first principal component as a measurement of metabolic health is in keeping with 

what is known about CVD and metabolic syndrome. 

A Phase II Trial using the principal component analysis methodology described 

above would then take the general form of the score as 1 k′a x .  The score function would 

then be: 

Score= .4842 * ln(Waist) - .3830 * ln(HDL) + .4136 * ln(SBP) 
            + .4063 * ln(DBP) + .4432 * ln(TG) + .2937 * ln(Glucose)

    (4.1) 

This equation yielded the following score distributions using the WHO definition: 

 

 

Figure 14: Histogram of First principal component Scores for Subjects with Metabolic 
Syndrome (right) and without Metabolic Syndrome (left) as defined by WHO. 
 
 

Figure 14 shows the score of those with metabolic syndrome, as defined by 

WHO, on the right and those without metabolic syndrome on the left.  As can be seen in 

Figure 14, there is a shift in these scores between these two sub-groups of the overall 

sample.  The other three definitions were also scored and showed a similar effect (data 

not shown).  Under every definition of metabolic syndrome, the number of subjects 

scoring below zero is less than 10% while the total sample has a mean of zero.  This 

-1 0 1 2 3 4-1 0 1 2 3
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tends to shows that the first principal component score can be used to distinguish between 

subjects who have metabolic syndrome and subjects who do not.   

 
4.3 A Phase II Trial 

A two-sample Phase II Trial using this methodology would then entail randomly 

assigning patients with metabolic syndrome to either a control group or a treatment 

group.  After a certain period of time k, on the control and treatment, the biomarkers 

would be measured for the subjects, giving 1 tk′a y as the score measure for the treatment 

and 1 ck′a y  as the score for the control, using a1 from equation 4.1. 

 In a Phase II Trial the null hypothesis would then be that the mean of the scores 

using the treatment is greater than or equal to the mean of the score without the treatment. 

Given that a1 is found from the larger sample population, it may be considered a constant 

with respect to the Phase II test. If it can be assumed that the biomarkers are normally 

distributed, then the test statistic then becomes: 

  1 1
,

1 1 1 1

' '
' '

1 1

tk ck

t c

t

n n

α ν
−

>
+

− −

a y a y
a S a a S a

,       (4.2) 

where tky  is the mean of the treatment sample, cky  is the mean of the control sample,  

tS is the treatment sample variance, cS is the control sample variance and assuming equal 

sample sizes. The type I error given by the α in the equation 4.2 can be estimated by 

using the equation: 

2
2 2( ( 1) ( 1))s t n t n

n α βδ = − + −  , 

where,  
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2 1 1 1 1' '
1 1
t cs

n n
= +

− −
a S a a S a , 

δ represents the difference between the two means, α represents the type I error and β 

represents the type II error.  Of course this equation can be used to determine a particular 

sample size, given s2, α, β, and a hypothesized difference to detect, δ.  This can also be 

solved for n.  In the case of metabolic syndrome, normality may not be assumed due to 

the large skewness seen in the blood glucose biomarker. If normality cannot be assumed, 

then the Mann-Whitney U test would be an alternative approach. Using this test, to test 

the improvement in the treatment sample versus the control sample, the hypotheses are, 

0 :
:

treatment control

A treatment control

H ranks ranks
H ranks ranks

≥
<

, 

which if n>20, the normal approximation may be used to provide the test statistic, 

( ) ( ) ( )( )( )
2

3 3

/ 2

2 1 /12 1 / 8 2
t

i i

U nz
n n t t n n

−
=

+ − − −∑
, 

where Ut is the sum of the ranks from the treatment sample ranked lowest to highest and 

it  is the number of tied ranks in a particular set.  A more thorough discussion on the 

Mann-Whitney test can be found in Kirk (1990).   
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CHAPTER FIVE  

Bayesian Principal Component Analysis Method 

 
5.1 Statistical Methods 

 
Principal Component Analysis has two limitations.  First, it does not incorporate 

prior knowledge of the variables.  Second, while the data are based on the normal 

distribution in PCA, the first principal component is not based on a probability model.  

Currently there is little literature with respect to Bayesian Principal Component Analysis.  

Smidl (2007), Tipping and Bishop (1999) demonstrate that the principal component may 

be found using maximum-likelihood estimation via an EM algorithm. Zhang et. al. 

(2004) suggests the use of probabilistic principal component analysis suggested by 

Tipping and Bishop (1999) with a Bayesian framework to determine the optimum 

number of principal components.  Nounou (2001) discusses possible methods of 

obtaining a Bayesian solution to principal component analysis.  These references, 

however, either make use of a non-Bayesian method such as the EM algorithm, or do not 

allow for the determination of the multivariate priors.  Bishop proposed a Bayesian 

treatment of PCA (1999) in which the multivariate priors are specified.   

Let ( )1 2 1, , , ; , ,i i i ipy y y i n⎧ ⎫′= =⎨ ⎬
⎩ ⎭

… …y  be an i.i.d. random sample from a p-variate 

normal distribution ( )MVN ,µ Σ  with sample mean y  and sample variance-covariance 

matrix S.  Consider also a latent variable matrix ( )1 2 1i i i iqx x x i n⎧ ⎫′= =⎨ ⎬
⎩ ⎭

… …, , , ; , ,x  be an 
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i.i.d. random sample from a q-variate normal distribution ( )2MVN 0 qσ, I ,  where q 

represents the number of principal components to be analyzed and q<p.  Then 

i i=  + +  µ εy Wx  where W is a p*q matrix representing the q principal components, µ is a 

p-dimensional vector, ε is a zero mean approximately normally distributed vector with 

covariance 2
pσ I , Thus ( ) ( )2

i i i pP | N | + ,  i µ σy x y Wx I∼  (Bishop, 1999).  A Bayesian 

treatment is applied by introducing a prior distribution ( )2P , ,  µ σW  so that the 

corresponding posterior distribution is ( )2P , , |µ σW Y .  Then, 

( ) ( ) ( )2 2 2| | , , , , |P P P d d dµ σ µ σ µ σ= ∫∫∫y Y y W W Y W .   (5.1) 

In order to integrate (5.1) we must address the choice of prior distribution and formulate a 

method to marginalize the posterior. The latent variable X has already been assumed to 

be normal.  The mean µ is assumed to be normal, because i i=  + +  µ εy Wx and yi, xi, and ε 

are assumed MVN.  Thus we can assume the following priors: 

( )
( )

( )

1

( ) | ,

( ) | , .

N
n

n x x
n

P N m

P N mµ µµ µ
=

Σ

Σ

∏X X∼

∼
 

Now since ( ) ( )2| | , dP N µ σ+y X y Wx I∼ , we must formulate the priors of W, 

which represents the matrix of the q eigenvectors with the largest associated eigenvalues 

and σ2.  Let 2τ σ −= , which denotes the precision of y (Bishop, 1999).  Precision is 

always positive and can be represented by the relatively non-informative prior of 

(.001,.001)Gamma  which allows the variance of y to be extremely high creating a very 

diffuse prior.  W is dependent upon α which represents the inverse of the eigenvalues.  

To account for the dependency, the prior has a hierarchical structure of the 
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form ( | )P αW .  Since the eigenvalues are a measure of variability, using the relatively 

non-informative prior of (.001,.001)Gamma  would allow the prior P(W) to be very 

diffuse.  Under the normality assumptions stated, the eigenvectors have been shown to be 

asymptotically normal (Bishop 1999).  This method requires the assumption that 

eigenvectors are normally distributed.  These assumptions result in the following priors: 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

1

1

1

| ,

| ,

| ,

| ,

| , .

N
n

n x x
n

d

k W W
k

N

i i
n

P N m

P N m

P N m

P a b

P a b

µ µ

α α

τ τ

µ µ

α α

τ τ

=

=

=

Σ

Σ

Σ

Γ

Γ

∏

∏

∏

X X

W W

∼

∼

∼

∼

∼

 

Now consider,  

( ) ( ),P D P D d= ∫ θ θ ,  

where { }iθ=θ represents all parameters and latent variables.  Then,  

( )( ) ( )ln ln ,P D P D d= ∫ θ θ  

( )( ) ( ) ( )
( )

,
ln ln

P D
P D Q d

Q
= ∫

θ
θ θ

θ
. 

Now let ( ) ( )
( )

,P D
X

Q
=

θ
θ

θ
 and ( ) ( )lnX Xψ = . 

By Jensen’s inequality, 

( )( ) ( )( )Q QE X E Xψ ψ≥ , 

because ln(X) is concave, so that, 
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( )( ) ( ) ( )
( )

,
ln ln

P D
P D Q d

Q
≥ ∫

θ
θ θ

θ
. 

Now consider ( ) ( )
( )
|

ln
P D

KL Q d
Q

= −∫
θ

θ θ
θ

.   

Then, 

 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( )

, | ,
ln ln ln

( | )

,
ln ln

,
ln ln

,
ln ln .

P D P D P D
Q d Q d Q d

Q Q P D

P D
Q d KL Q P D d

Q

P D
Q d KL P D Q d

Q

P D
Q d KL P D

Q

− =

+ =

+ =

+ =

∫ ∫ ∫

∫ ∫

∫ ∫

∫

θ θ θ
θ θ θ θ θ θ

θ θ θ

θ
θ θ θ θ

θ

θ
θ θ θ θ

θ

θ
θ θ

θ

 

KL is the Kullback-Liebler divergence and is always positive, and the use of this 

property allows one to create a lower bound on the true distribution of ( )P D (Bishop 

1999).  Clearly, the divergence iterates to zero if there is convergence in the EM 

algorithm and if ( ) ( )Q P=θ θ .  If we assume that ( )Q θ  factorizes over all the parameters 

of θ then we have: 

( , , , , ) ( ) ( ) ( ) ( ) ( )Q Q Q Q Q Q=X W α µ τ X W α µ τ .  

We can re-estimate the distribution of the following variables with their 

corresponding equations: 

( )

( )( )
( )

( )

1

1

n T
X X n

T
X

N

n n
n

m

mµ µ

τ µ

τ

τ

−

=

= Σ −

Σ = +

= Σ −∑

W y

I W W

y WX
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The distribution of the posterior can then be found using MCMC by starting with 

an initial guess and iterating through the group of variables (Carlin And Louis 2000).  

Note that while q principal components will be found by this method, we are only 

interested in the first principal component.  By only requiring ( )Q θ to be factorable, the 

divergence between the lower bound and the true distribution should approach zero.  

In order to determine the initial values, we must make many assumptions.  The 

assumption of using the relatively non-informative prior of (.001,.001)Gamma  was 

suggested by Bishop for both Q(α) and Q(τ).  While somewhat empirical in nature, we 

used the first 5 principal components in determining an initial value for W.  All other 

initial values were obtained by the equations provided and the equation assumed earlier 

of i i=  + +  µ εy Wx . 

One criticism of Bishop’s method is that he gives no method of determining if the 

KL divergence truly approaches zero, even if convergence is obtained.  Bishop’s method 

makes use of the assumption of normality of the data.  This method is contingent on 
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, , ,X W α µ and τ  being independent, but there is no method of measuring if they are 

independent.  As the literature is sparse concerning Bayesian Principal Component 

Analysis, future research would be recommended to 1) investigate procedures for 

estimating the KL divergence, 2) alternative convergence methods, 3) the influence of 

initial estimates and prior choice on convergence and other factors 4) investigate the use 

of non-normal priors. 

 
5.2 Applications to Metabolic Syndrome 

In using the Bayesian Methodology on the NHANES dataset, the iterative 

simulation process creates two difficulties with convergence.  If the simulation does not 

start after enough iterations (or have a long enough burn-in period), then the iterations 

may still be influenced by the starting approximations thus influencing the simulation. 

This was tested by tracking the convergence and starting at a burn-in period of 1,000 

iterations.  If the simulation does not run long enough, then the iterations may not 

adequately sample from the target distribution.  For this issue, convergence was checked 

by using three sets of starting values.  These starting values were created by adding a 

normally distributed random variable to the frequentist estimates.  This random variable 

had a standard deviation equal to one-fourth of the range of the possible values for the 

variables.  The overall simulation ran 50,000 iterations dropping the first 1,000 iterations. 

One method of monitoring the convergence of the estimands is by computing the 

within and between-sequence variances (Gelman et. al. 2004).  Let ijψ  be the simulation 

draws of the scalar estimand ψ  where (i=1,…,n; j=1,…m), n is the number of non-

discarded iterations  and M is the number of parallel sequences. 
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Then the variance of the marginal posterior of the estimand can be calculated as: 

( ) 1ˆ |
1

nV y W B
n n

ψ = +
−

. 

As n →∞ , B should approach zero.  The potential scale reduction for continuing on to 

infinity can be estimated by: 

( )ˆ |ˆ V y
R

W
ψ

=          (5.1) 

 While R̂  should approach 1, values below 1.1 are acceptable for most problems 

(Gelman et. al. 2004).  One issue that frequently arises with the use of a 

Gamma(.001,.001) prior is that of convergence (Conlon et. al. 2007).  Initially a 

Gamma(.001,.001) was used.  While each initial starting point converged, indicating a 

long enough burn –in period, differing starting points yielded sequences that did not 

converge.  In order to avoid this problem, the prior of Gamma(.001,.001) was replaced 

with the prior of Gamma(1,1).  While this trades a relatively non-informative prior for a 

prior which may be more informative than the understanding of the distribution warrants, 

this is done solely for the purpose of trying to attain convergence. 
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Table 9: R-hat for Parameters of interest at Various 
Iterations using the Gamma(1,1) model 

  
10,000 
iterations 

20,000 
iterations 

50,000 
iterations 

W(1,1) 1.523 1.523 1.525 
W(1,2) 2.287 2.277 2.288 
W(1,3) 3.355 3.338 3.346 
W(1,4) 6.537 6.496 6.498 
W(1,5) 6.472 6.451 6.476 
W(1,6) 4.173 4.173 4.174 
Alpha1 1.001 1.001 1.001 

 

 

 

Figure 15: Autocorrelation Chart of First principal component. 

 
From Figure 15 there does not appear to be any autocorrelation issues with the 

first factor of the first principal component.  Similar results were seen in all other 

parameters of interest.  Table 9, however, suggests some major issues with the between 

sequence convergence.  Note that the changes in the R̂  value from 10,000 iterations to 

50,000 iterations are small.  This change suggests that the number of iterations required 

to obtain convergence could be substantially more than current available computer speed 

and algorithm coding would allow.  Table 10 confirms this non-convergence between 
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sequences as the estimands for most of the parameters of interest are not within one 

standard deviation of one of the other runs.   

While the lack of convergence may still be due to an insufficient number of 

iterations, an increase in number of iterations would be problematic as the computer time 

necessary to accomplish the analysis would increase to weeks or months.  Other solutions 

such as thinning would also cause the same problems in computer time.  This 

convergence issue is not unexpected, as issues with convergence using complicated 

algorithm and large sample size have been documented in Gelman (2004).  Another issue 

may be the shape of the posterior distribution, if the posterior distribution has either the 

shape of a plateau or a ridge line, convergence can be very difficult to attain.  The 

assumption of multivariate normality may not be correct given the lack of normality in 

the blood glucose variable.  The assumption of normal priors throughout the Bayesian 

Principal Component Analysis is also an area that should be investigated. 

  
Table 10: Bayesian Principal Components Results with Gamma(1,1) and 50,000 

Iterations  

  
W(1,1) 
(SBP) 

W(1,2)  
(DBP) 

W(1,3)  
(Waist) 

W(1,4)  
(TG) 

W(1,5) 
(HDL) 

W(1,6) 
(Glucose) 

Mean 0.312 0.528 0.438 0.448 -0.324 0.353 
Run 

1 Standard 
Deviation 

0.015 0.015 0.014 0.014 0.018 0.016 

        
Mean 0.297 0.489 0.392 0.335 -0.462 0.438 

Run 
2 Standard 

Deviation 
0.014 0.014 0.013 0.013 0.016 0.014 

        
Mean 0.321 0.491 0.451 0.442 -0.325 0.387 

Run 
3 Standard 

Deviation 
0.015 0.016 0.014 0.014 0.018 0.015 
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Table 11: Metabolic Syndrome Bootstrapped First principal 
component (# of iterations = 10,000) 

Variables Mean  SD 2.50% 97.50% 
SBP 0.3188 0.0126 0.2937 0.3432 
DBP 0.3792 0.0125 0.3546 0.4036 
Waist  0.5618 0.0100 0.5417 0.5811 
TG 0.5238 0.0104 0.5033 0.5443 
HDL −0.2970 0.0124 −0.3210 −0.2720 
Glucose 0.2754 0.0125 0.2512 0.3000 
   
Eigenvalue of first 
principal component 2.4072 40%   

 

5.3 Bootstrap Principal Component Analysis 

In order to avoid this problem of convergence entirely, Bootstrapping 

methodology provides a framework for finding a solution to principal component 

analysis, which gives a distribution for the principal components.  For more information 

on the use of bootstrap principal component analysis, see Mehlman (1995).  While 

bootstrapping makes no use of prior distributions, it does give an approximate 

distribution to the parameter of interest, namely the principal component, as opposed to 

the point estimate obtained using the regular principal component analysis.  In this 

Metabolic Syndrome analysis, the NHANES data were bootstrapped by taking a random 

sample of 10% of the NHANES population with replacement and finding the principal 

components.  This process was done 10,000 times to obtain a distribution of the principal 

components.  The results of the first principal component are shown in Table 11.   
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5.4 Bootstrap Principal Component Analysis Applied to NHANES 

As described in the section 5.2, a score based upon the first principal component can be 

used to indicate metabolic health for an individual where large values are associated with 

poor metabolic health. The score function is, 

  
Score=.5618*ln(Waist)-.2965*ln(HDL)+.3188*ln(SBP)
           +.3792*ln(DBP)+.5238*ln(TG)+.2754*ln(Glucose)

   (5.2) 

 

   

Figure 16: Histogram of Bootstrap Principal Component Scores for Subject with 
Metabolic Syndrome (right) and without Metabolic Syndrome (left) as defined by WHO. 
  

Note that Figure 16 tends to show a difference in the scores of those who have 

Metabolic Syndrome under any definition and those without Metabolic Syndrome.  

Under every definition of Metabolic Syndrome, the number scoring below zero is less 

than 10% while the total sample has a mean of zero this is shown in Figure 16 for the 

WHO definition (data not shown for other definitions).  This scoring method may then be 

used as a candidate for a Phase II test to distinguish between those with Metabolic 

Syndrome by the WHO definition and those without.    
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5.5 A Phase II Trial 

A Phase II Trial using this methodology would then entail randomly assigning 

patients to either a control or a treatment group.  After a certain period of time on the 

control or the treatment, the biomarkers would be measured for the subjects.  The 

biomarkers would be used to create the score as shown in equation 5.2.  These scores 

would then be tested to find if there is a statistically significant difference.  Performing a 

Phase II treatment utilizing just the test treatment, either the mean score can be tested 

versus the mean of the score given healthy standards or the paired change tested versus 

zero or other critical values.    This can be obtained either as a single stage or multistage 

trial. 

The bootstrap principal component analysis, assuming that the distribution of the 

values is normally distributed is just a summation of normally distributed parameters 

which would create a score which is normally distributed.  The test statistic for finding a 

different mean among two normal distributions is the standard t-test.  In a phase II trial 

the null hypothesis would then be that the mean of the scores using the treatment is 

greater than or equal to the mean of the score without the treatment.  The test statistic 

then becomes: 

1 1
,

1 1 1 1

' '
' '

1 1

tk ck

t c

t c

t

n n

α ν
−

>
+

− −

a y a y
a S a a S a

,  

where tky  is the mean of the treatment sample, cky  is the mean of the control sample,  

tS is the treatment sample variance, and cS is the control sample variance.  The sample 

size can be determined by the Type I and II error for the test. The type I error is the 

likelihood of determining the means as being different when they are not.  This is given 
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by the α in the equation given above. Given the type II error and the differences that one 

would want to see between the means, the sample size can be estimated by using the 

equation: 

( ) ( )( )
2 22 1 1s t n t n

n α βδ = − + −  ,  

where δ represents the difference between the two means, α represents the type I error 

and β represents the type II error.  This makes the assumption of normality of the original 

variables of the principal components, which may not be the case under all 

circumstances.  If normality cannot be assumed, then an alternative approach would be a 

Mann-Whitney U test similar to Section 4.3. 
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CHAPTER SIX 

 D-squared Analysis Method 

 
6.1 Statistical Methods 

In our creation of the PCA method described in the preceding section we make 

the assumption that all useful information in determining the disease status of a subject 

lies within the direction of the first principal component.  This method, therefore, does 

not account for the other principal components which can help characterize and diagnose 

subjects in the disease population.  One method which accounts for all of the principal 

components is the D-squared statistic.  The D-squared analysis method uses the 

Mahalanobis distance to determine the distance that observations are away from a certain 

point after the covariance of the sample is taken into account. For a discussion on the 

formulation of the Mahalanobis distance see Rencher (2002).  While traditionally used 

for determination of outliers, the Mahalanobis distance has been recently used as a 

surrogate marker as seen in the following references: (Tsirigos 2005, Ackermann 2004, 

Christensen et al. 1992).  As an extension we propose the creation of the surrogate 

marker from a large sampling of the population for use on a subsample of that same 

population. 

Typically, µ would be estimated from a sample of the population, Y by the mean 

y  and S would be the sample co-variance matrix of the population.  For an unknown 

sample x from subject X, the test would be: 

( )( ) ( )2 11D n µ µ−′= − − −ˆ ˆx x S x  
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where, 2
1 is the  critical value from T .p nαδ α −,  

This creates a standardized distance measure of the undiagnosed subject X from 

the estimated value of µ.  In most cases this would be a measure of distance from an 

estimate of the mean of the population.  Note that this method is not dependent upon 

direction but just the distance normalized by S. A Subject with biomarkers in the opposite 

direction of what would be seen in the disease can have the same D-squared score as a 

subject with the disease.  Phase II tests measure the patients overall change towards 

healthy standards and not their change past healthy standards, so this does not create a 

problem for Phase II testing.   

 
6.2 Applications to Metabolic Syndrome 

In the example of metabolic syndrome, recall from Section 6.1, that 

( ) ( )2 1ˆ ˆ'i i iD µ µ−= − −y S y .   In this Section µ̂  and S were not entirely stipulated.  Since 

we were concerned with improving the health of a subject, the µ̂  is the estimated mean of 

the healthy population. This estimated mean is the mean of the biomarkers of those 

subjects who do not fall under the WHO definition of metabolic syndrome.  S, however, 

is the estimate of ΣY so is estimated from the entire NHANES sample.  

 
6.3 D-Squared Analysis Applied to NHANES 

In performing D-squared analysis on the metabolic syndrome problem, we 

estimated the covariance matrix from the entire population and the mean of the healthy 
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population by taking the mean biomarkers of those subjects that did not fall under the 

definition of metabolic syndrome.  In order to determine the effect of using different 

definitions, we performed analysis using both the WHO and IDF definition of metabolic 

syndrome.  As seen in Figure 17 and 18, the definition used in the D-squared analysis has 

very little effect on the resultant scoring method.  Figure 18 shows both that the scores 

are not normally distributed.  From visual inspection there is a difference between the 

scores of those with metabolic syndrome, and those without, the D-squared analysis may 

then be considered as a candidate for a Phase II test. 

 

0 100 200 0 100 200

 
 
Figure 17: Histogram of D-squared Scores for Subjects with Metabolic Syndrome (left) 
and without Metabolic Syndrome (right) as defined by IDF.  
 
 

6.4 Phase II Trial 

A Phase II Trial using this methodology would then entail randomly assigning 

patients to either a control or a treatment group.  After a specified period of time on the 

control or the treatment, the biomarkers would be measured for the subjects.  The 

biomarkers would be used to create the score using the equation 

2 1ˆ ˆ( ) ' ( )i i iD µ µ−= − −y S y , where the S represents the sample variance-covariance matrix 
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Figure 18: Histogram of D-squared Scores for Subject with Metabolic Syndrome (left) 
and without Metabolic Syndrome (right) as defined by WHO. 
 

of the NHANES data and µ̂  represents the mean of the healthy sample.  

Let { }1, , ,t ti ti n= =X x …  represent the resultant data from the new treatment, 

{ }1, , ,c ci ci n= =X x … represent the data from the standard treatment, 2
tiD  and 2

ciD  

represent the scores obtained from the treatment sample and control sample, respectively.  

These scores would then be tested to find if there is a statistically significant difference.  

There are multiple methods which can be used in determining a statistically significant 

difference between the treatment and control sample. We propose three testing methods 

to test the difference between treatment and control samples: 

Method 1:   Calculate the 2 -scoreD  for each treatment group.  The null hypothesis for 

this method would be: 2 20
t c

µ µ=H :
D D

. 

( ) ( ) ( )

( ) ( ) ( )

2 1

2 1

1 1

1 1

, , ,

, , ,

ti ti ti t

ci ci ci c

D n i n

D n i n

−

−

′= − − − =

′= − − − =

x y S x y

x y S x y

…

…
 

Now , 
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Note that both 2
tD  and 2

cD  have the factor ( ) ( )1
t t tn −′− −x y S x y  and 

( ) ( )1
c c cn −′− −x y S x y , respectively.  Under the null hypothesis, these two values 

should estimate the same quantity.  Assume that if the larger sample size is sufficiently 

large, S could represent the quantity it is estimating ΣY.  In this case, 2
tD  and 2

cD  then are 

both distributed as a non-central chi-squared with the same non-centrality parameter.  By 

subtracting off the non-centrality parameter from both 2
tD  and 2

cD  we would obtain two 

centrally distributed chi-squared distribution.  Assuming equal sample sizes are used and 

n2 represents the sample sizes, under the null hypothesis we have: 

( )( )( ) ( ) ( ) ( ) ( )

( )( )( ) ( ) ( ) ( ) ( )

2 1 1
2 2 2
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2 2 2
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where x represents the mean of both the treatment and control sample. Then, 
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 The distribution of this ratio is unknown, but can be estimated using a 

bootstrapping technique.   

Method 2:  Use the D2 score simply as mode for determining improvement in the 

treatment sample.  Test 0H : t cµ µ=  using  

( ) ( )

( ) ( )
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1 1 1
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This only assumption is that the treatment and control sample are sampled from the same 

population and thus, 
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2
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+ − −
+ −

.   

This test only tests if there is a statistically significant difference in the means and not 

whether that difference is an improvement in the health of the subjects in either sample.  

To improve upon this test, the D2 scores can be used to form the following test: 

If  

( )
( )( ) ( ) ( ) ( )1

1

1
05

2 r c

t c t c
t c pl t c p n n p

t c t c

n n n n p
F

n n n n p
−

+ − −

+ − − ′− − >
+ + − , .x x S x x  

and  

2 2
c tD D> , 

then the null hypothesis can be rejected and we can conclude that there is a statistically 

significant difference between the control and treatment population.  Note that this test is 
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inherently flawed in that it does not test whether or not there is statistically significant 

improvement in health.  Instead it assumes that if the control and sample population are 

not equal, that non-equality translates to an improvement in the health of the patient. 

Method 3:  This method makes use of probability of D2 being within a range of values.  

Consider the following proportions: 
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where ( ciDI δ< )x
 is the indicator function and equal to 1 when 

ciXD δ< .  The null 

hypothesis is that the proportions from the treatment population and control population 

are equal. This can be made by comparing to t cp p  using the binomial test or normal or 

chi-square approximation to the binomial.  If the approximations are not appropriate the 

Fisher’s Exact test can be used (Fisher, 1922).  Note that while this test needs no 

assumptions as to the distribution of the scores, this test lacks the power that would be 

seen in a test using a continuous parameter. 

Method 1 makes use of the assumption that the sample variance-covariance 

matrix of the larger sample can replace the variance-covariance matrix of the population.  

With a sample size of 9347 observations, this assumption may be justifiable, but such a 

large sample size may not be the case for all diseases.  Method 2 tests if the mean of the 

treatment population is significantly different from the mean of the control population.  It 

does not, however, test whether this difference is a change towards the mean of the 
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healthy population.  Method 3 sacrifices the power seen in a test using a continuous 

parameter.  An alternative approach which needs none of the assumptions necessary in 

Methods 1-3 would be the Mann-Whitney U test comparing the scores as discussed in 

Section 4.3.  
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CHAPTER SEVEN  

Cluster Analysis Method 

 
7.1 Statistical Methods 

The methods outlined in Chapters 4-6 measure a distance from the mean of the 

healthy population to the subject and determine diagnoses based upon this distance.  PCA 

and BPCA utilize the PCA or BPCA score which measures distance along the direction 

of maximum univariate variance.  D2 measures the MVN distance utilizing the D-score.  

These are special instances of the general model: 

( ) ( )
( )

X is "healthy"
X is "not-healthy"

Diagnosis α

α

δ
δ

⎧∆ Θ <⎪= ⎨∆ Θ ≥⎪⎩

| ;
,

| ;
x Y

x
x Y

 

where,  
 

 is some -variate "distance-like" function trained by the dataset 
 is some set of parameters based upon 
 is a critical value based upon the Type I error .

p

αδ α

∆
Θ

;
;

Y
Y  

 
An alternative approach is suggested by observing the univariate q-q plot of 

glucose (Figure 12) which shows the possibility of two separate approximately normally 

distributed populations.  Such sub-population groups are known in regulation of all the 

metabolic syndrome symptoms, with the possible exception of waist measurement, as 

individual diseases.  This suggests that the presence of significant subpopulations of 

subjects in addition to the healthy population is a real possibility.  This can be approached 

by mixture distribution analysis that presumes knowledge of the functional form of the 

subpopulations.  Indeed, the “healthy” subpopulation may also be a mixture of 

distributions.  Alternatively, Cluster analysis can also be used with fewer assumptions 
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and no required assumptions as to functional form. A follow-up methodology is 

necessary to insure that the clusters defined are stable and repeatable. 

The use of clustering to find disease clusters is not new and has been used 

recently in determining hepatotoxicity (Otey et. al., 2006).  Here we use cluster analysis 

to formulate a Phase II test.  Bootstrapping will be used to determine the reliability of the 

results produced by the cluster analysis. Kerr and Churchill use bootstrapping to 

determine the reliability of cluster analysis solutions (Kerr and Churchill, 2001).  Unlike 

Kerr and Churchill, we use of Cohen’s kappa to determine reliability.   

 
7.1.1 The Proposed Methodology: K-means with Cohen’s Kappa Verification  

Note that unlike the previous three methods, clustering makes no assumptions as 

to a direction of the disease, solely that there can exist a cluster or clusters that represents 

the disease(s).  We propose that k-means spatial cluster analysis (Rencher, 2002) in 

conjunction with Cohen’s Kappa (Bishop 1975) can be used to determine whether or not 

clusters are actually occurring and are stable.  The use of k-means cluster analysis (KCA) 

as is usually programmed in SAS and other statistical packages partitions the p-

dimensional data-space into a number of “clusters” or regions of the p-dimensional space 

(SAS Institute, Caryville, NC). The clusters are formed using Euclidean distance to 

partition the space forming clusters where points in the cluster equi-distant from the 

center mean are on a sphere centered at the mean creating what we will refer to as 

“spherical” clusters.   Most algorithms give the number of clusters which are specified by 

the user, whether or not those clusters truly exist.  We propose to use the Cohen’s kappa 

statistics to determine whether the clusters are stable. 
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Table 12: Kappa Value at Various Levels of Agreement. 

 First Clusters 
  A B   A B   A B 

A 51 49  A 98 2  A 2 98 Second 
Clusters B 49 51  B 1 99  B 99 1 

 Overall kappa 0.02 Overall kappa 0.97  Overall kappa -0.97
 

The principal behind the use of Cohen’s Kappa in this manner is illustrated in 

Table 12.  If stable clusters exist then the use of different sets of starting points would 

yield essentially the same clusters, while the use of differing starter sets for variable 

clusters will yield different clusters.  With differing starting sets, the order of the clusters 

in each resulting set of clusters can be different.  Cohen’s kappa measures how closely 

the clusters match given differing sets of starting points and can be used to identify 

probable common clusters in individual starting sets.   

Note that in the leftmost sub-table of Table 12, there is little agreement between 

the first and second clusters A and B; they only tend to agree about half of the time with a 

Cohen’s kappa of 0.02.  The middle sub-table has a high level of agreement with a 

matching kappa of 0.97. The sub-table on the right has the same level of agreement as the 

middle table except in the negative (-0.97).  These last two tables only disagree as to the 

naming of the clusters.  In identifying stable clusters, the naming convention is 

unimportant.  The maximum kappa will be defined as the largest absolute value of the 

kappa values obtained. In this example both the table in the middle and the table on the 

right would have the same maximum kappa value (0.97).  Thus for a comparison of 6 

clusters for 2 starting sets it would take 360 (6!/2) arrangements to find the maximum 

kappa value. The steps used to find the maximum kappa value then becomes: 
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Step 1: Use differing initial values to find two sets of p-dimensional clusters for 

the data. 

Step 2: Make a p*p matrix  in which the (i,j)th entry represents the number of 

times the first cluster has a data point in cluster i and the second cluster 

has the same data point in cluster j.  

Step 3: Find the Cohen’s kappa statistic at each of the possible p! column 

arrangements.  Take the largest absolute Cohen’s kappa value as the 

maximum Cohen’s kappa statistic.   

As a general rule, Table 13 is used to determine the strength of agreement from 

the kappa statistic.  In our application, this rule is very limited in determining whether or 

not clusters are really occurring (Landis and Koch 1977).  Clearly this does not account 

for the changes in the number of variables, the number of clusters, nor the correlation of 

the variables within the clusters.  

 
Table 13: Kappa Statistic 

Kappa Strength of agreement 

0 Poor 
0.01−0.20 Slight 
0.21−0.40 Fair 
0.41−0.60 Moderate 
0.61−0.80 Substantial 
0.81−1.00 Almost perfect 

 

If the variables are correlated, then the Cohen’s kappa can be high whether or not 

clusters are present.  Figure 19 shows the normal assumption of little correlation between 

two variables, variable 1 and variable 2 using the algorithm to form three clusters.  The 

clusters forming in the graph on the right are as likely as the clusters forming in the graph 
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on the left.  How the clusters would form then is determined by the initial starting values 

chosen.  In Figure 20 where the variables are correlated, however, the clusters shown are 

the most likely clusters to form irrespective of the initial values chosen.  In this way, the 

level of agreement or the maximum kappa value for data with high correlation as seen in 

Figure 20 would be much higher than that of the data with little correlation as seen in 

Figure 19.  This would then suggest that clusters are present in the Figure 19 illustration 

when no clusters are present.   

 

 

Figure 19: Spherical Cluster tendencies for Data with no Correlation 

 

 

            Figure 20: Illustration of Spherical Cluster tendencies for highly correlated data. 
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7.1.2: Determination of Appropriate Cohen’s Kappa Critical Values 

Consider the dataset X and the resultant set of clusters 

{ ; 1,..., , 1,..., }ij si p j n= = =C C  where p represents the number of clusters and ns 

represents the number of sets of clusters found by ns starting values.  

An example ( , )MVNX 0 Σ∼ is illustrated in the following simulation, where 

.5 .5= +Σ J I  and a sample size of X is 10,000.  By simulating these correlated 

multivariate values, we can assume that the values obtained should form no stable 

clusters.  K-means clustering was used by randomly choosing starting point and 

stipulating that a maximum of 6 clusters be found.  This process is given in the following 

steps: 

Step 1: Create a simulated sample of 10,000 six-dimensional values from an 

MVN(0,V) distribution where .5 .5= +V J I  

Step 2: Randomly choose six six-dimensional initial starting values from a 

uniform distribution with a range from −3 to 3. 

Step 3: Use k-means clustering with the initial starting values given in step 2, a 

maximum number of clusters of 6, and the data obtained in step 1 to 

obtain a set of clusters.  

Step 4: Repeat steps 2 and 3, twenty times for 20 sets of clusters. 

Step 5: Compare each of the 20 sets of clusters to each other finding the 

maximum kappa value for each possible pair.  This should give 190 

maximum kappa values. 

Step 6: Repeat steps 1 through 5, 50 times to obtain 9,500 maximum kappa 

values.  
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An average maximum kappa value of 0.612 was obtained using this method.  If 

one were to use the scale provided and obtained a kappa value of 0.612, one would 

conclude that clustering is occurring when the simulation was designed to have no 

clusters.  Table 14 shows an example of the cluster data and the resultant kappa value. 

 
 Table 14: Kappa Statistic Example with Six Variables 

    First Clustering 
  Cluster 1 Cluster 2 Cluster 3 Cluster 4 Cluster 5 Cluster 6

Cluster 1 52 300 172 510 611 0 
Cluster 2 445 92 0 851 38 241 
Cluster 3 1027 42 234 0 259 89 
Cluster 4 32 0 1002 282 22 335 
Cluster 5 3 78 42 44 733 803 

Second 
Clustering  

Cluster 6 109 1170 111 14 1 255 
Maximum Kappa= 0.456      

 

In order to adjust for this correlation, two methods are proposed.  The first method 

proposed is to account for the correlation by multiplying the data by a correction factor 

(Spherized Cluster Analysis).  The second method proposed in this dissertation is to 

correct for the correlation structure of the clusters themselves through an iterative process 

(Elliptical Cluster Analysis).   

 
7.1.3 Spherized Cluster Analysis: 

In order to account for the correlation by use of a correction factor, we are 

proposing Spherized Clustering Analysis (SCA). If Y is the dataset with estimated mean 

y , variance-covariance matrix S, and
1 1

2 2
1' { ,..., }pS A Diag λ λ=  where A is the matrix of 

eigenvectors of S and λi is the ith eigenvalue, then 
1

2−=Z S Y is approximately spherical.  

If iΣ  represents the covariance matrix of the ith cluster and ΣY  represents the covariance 
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matrix of the entire dataset, then the SCA assumes that *i YζΣ = Σ  where ζ  is constant 

for all i.   

 
7.1.4 Elliptical Cluster Analysis: 

One of the limitations of SCA is that the assumption that *i YζΣ = Σ  where ζ  is 

constant for all i, is not usually the case.  The second transformation method we propose 

in this dissertation is Elliptical Cluster Analysis (ECA).  This analysis corrects for the 

correlation structure within the clusters.  It makes the assumption that all of the clusters 

have the same covariance structure but can not have the same covariance structure of the 

entire dataset.  As stated before, if clusters are occurring then the factors influencing the 

variance-covariance structure of the entire dataset is due either to the cluster centers 

creating a covariance structure or the clusters themselves having a correlation structure.  

ECA assumes the clusters form ellipsoids which need to be made spherical to use 

standard clustering algorithms.  Consider the dataset Y and C  where { ; 1,..., }i i p= =C C  

and iC  represents the ith cluster with ij ip ∈C and pij representing a data point in the ith 

cluster.  Also let Sci be the center point of the ith cluster, then pij- Sci would form another 

cluster 'iC  which would be centered at 0. If 'i iζ=S S  where 'i i≠  then 'C would have a 

variance structure ' 'iζ=YS S .  Now take 
1

2
'' −= YY S Y , then the resultant iC ’s would be 

spherical.  Iterating this process, however, would cause 'Y  to either approach 0 or ∞ 

because of the magnitude of 
1

2
'

−
YS .  To correct for this, 

1 1
2 2

'' λ− −= ∗YY S I Y , where 

{ ; 1,..., }i i pλ λ= =  represents the eigenvalues of 
1

2
'

−
YS .  This process is repeated until for 
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every i, j 'ij ijy y ε− ≤  for some small ε where ε>0.  The resultant method will follow the 

following steps: 

Step 1: Randomly create a number of initial starting values equal to the number of 

clusters which would be found. 

Step 2: Use k-mean clustering with the dataset. 

Step 3: Find the means of the clusters found in step 2.  Correct for the means for 

each cluster so that the clusters have the same mean. 

Step 4: Find the covariance matrix of data from step 3.  Multiply the dataset in 

step 1 by the inverse of half (Cholesky’s decomposition) of the covariance 

matrix. 

Step 5: Use the resultant dataset and repeat steps 2-4 until convergence is reached.  

This should result in a better cluster analysis than can be obtained by normal k-means 

clustering because if the resultant clusters are indeed spherical, then ECA will reduce to 

the normal k-means cluster analysis. 

 
7.2 Testing and Simulations 

 In order to compare the three clustering methods, two simulations were generated 

using the same data.  The kappa values and the misclassification rate were then 

compared.  The first simulation used two variables and four clusters centered at: (0, 0), 

(2, 0), (0, 2), and (2, 2).  Each of these clusters was formed by randomly simulating 250 

values for each cluster center from a ( , )MVN µ I distribution where the mean was given 

by the centers already mentioned.  The misclassification rate and maximum kappa values 

were then found for each of the methods. 
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Table 15: Comparison of Three Methods with Clusters with a Covariance Matrix of I

  KCA SCA ECA 
Maximum Kappa 0.595±0.00386 0.599 ±0.00472 0.563 ±0.00367 
Misclassification rate  0.304 ±0.00289 0.301 ±0.00354 0.327 ±0.00276 

   

As can be seen by Table 15, SCA performed as well as KCA when the variance-

covariance matrix of the clusters was of the form 2σ I .  ECA, however, did not perform 

as well.   

The second simulation generated clusters from a ( , )MVN µ V distribution, where 

.5 .5= +V J I .  The rest of the simulation procedure remained the same.  As can be seen 

in Table 16, Both the SCA and ECA performed better than the KCA when the variance-

covariance matrix of the clusters were no longer of the form 2σ I .  This was expected as 

neither SCA nor ECA require the assumption that the clusters have a covariance matrix 

of the form 2σ I .  Table 16 also shows that SCA tends to perform better than ECA.  These 

results do not show that SCA and ECA are superior to the KCA simply that the methods 

show promise and should be more rigorously studied. As seen in the Figure 21, the 

maximum kappa values are nearly normally distributed for normal clustering as was the 

case for the kappa values from both spherical and elliptical clustering. 

 
Table 16: Comparison of Three Methods with Clusters with a Covariance Matrix 

of V  

  KCA SCA ECA 
Maximum Kappa 0.508 ±.00372 0.564 ±.00295 0.555 ±.00354 
Misclassification rate  0.369 ±.00480 0.327 ±.00359 0.334 ±.00436 
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Figure 21: QQ-plot of Maximum Kappa values 

  
7.2.1:  Standard Cluster Analysis  

In the case of metabolic syndrome, cluster analysis had the same problem of high 

correlation as discussed in Section 7.1.  High correlation can have the effect of 

erroneously increasing the kappa value.  In performing a KCA on the NHANES data, 

consider Y as the NHANES dataset with { ; 1,..., , 1,..., }ij si p j n= = =C C  where ns=20 

groups of starting points randomly chosen for the clustering from a uniform distribution 

covering the range of each of the respective variables, and ijC  represent the ith cluster 

from the jth set of initial starting points.  Then to compare the clusters of ijC to 'ijC , where 

'j j≠  using Cohen’s Kappa would require ( 1)
2

s sn n −  or 190 agreement matrices from 
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which 190 observations of Cohen’s Maximum Kappa statistic would be obtained.  The 

process can be summarized in the following steps: 

Step 1: Randomly choose 3 initial six-dimensional cluster starting values from 

uniform distribution with the same range as that of the data.  

Step 2: Perform a k-means cluster analysis using the three initial starting values 

found in step 1, a maximum number of clusters of 3, and the NHANES 

dataset.  This will give 1 set of 3 clusters. 

Step 3: Repeat steps 1 and 2, 20 times which should give 20 sets of 3 clusters. 

Step 4: Compare each set of clusters to each other finding the maximum kappa 

values, which should give 190 maximum kappa values. 

Step 5: Find mean and standard deviation of the 190 maximum kappa values. 

Step 6: Repeat steps 1 – 5 for 4, 5, 6, and 7 clusters.   

Figure 22 shows the mean maximum kappa values for various numbers of clusters 

using this process.  Note that in order to determine whether or not clusters truly exist, it is 

important to know the number of clusters which is clearly not possible.  For the purposes 

of this dissertation we will use the number of clusters to be at the point where the kappa  

 

 

 

 

 

 

 0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

3 4 5 6 7
Number of Clusters

K
ap

pa

Mean
Mean + SD
Mean - SD



64 
 

 

Figure 22: Kappa score versus Number of Clusters for Metabolic Syndrome 

and sd plateau and assume there are 6 clusters present in the metabolic dataset being 

tested.  In studying metabolic syndrome, a normal cluster analysis was performed by 

using 20 sets of initial starting values.  The process used 6 as the maximum number of 

clusters.  

 The clusters of these starting values were then compared to each other using the 

maximum kappa value.  Using 20 sets of clusters and comparing each one to another 

gave 190 maximum kappa values.  Thus the following steps were used: 

Step 1: Randomly choose 6 initial six-dimensional cluster starting values from 

uniform distributions with the same range as that of the data. 

Step 2: Perform a k-mean cluster analysis using the initial starting values found in 

step 1, a maximum number of clusters of 6, and the NHANES dataset.  

Step 3: Repeat steps 1 and 2, 20 times. 

Step 4: Compare each set of clusters to each other finding the maximum kappa 

values, which should give 190 maximum kappa values. 

 
Table 17: Clusters found using KCA 

Cluster Waist HDL SBP DBP TG Glucose N 
1 88.33 1.51 120.58 72.76 1.18 5.02 1584 
2 79.84 1.72 114.08 69.55 0.61 4.82 883 
3 101.34* 0.86* 129.07 80.06 5.17* 5.95* 2189 
4 88.04 1.16 115.81 71.12 0.82 5.03 157 
5 96.43* 1.07 123.36 74.61 1.62* 5.39 2116 
6 98.31* 1.05 125.59 76.14 2.69* 5.47 2418 

Average 91.20 1.32 121.10 73.70 1.47 5.26 9347 
      * indicates the value falls under one of the definitions of Metabolic Syndrome 
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The mean for these kappa values was 0.588 with a standard deviation of 0.104.  

According to Table 13 this represents a moderate agreement.  

As described above, there were 20 sets of 6 clusters, but in order to find which 

clusters can represent those with metabolic syndrome; only one set of clusters was used. 

This set of clusters was found by averaging the clusters with the highest level of 

correlation over the 20 sets.  In the 6 averaged clusters, there exists one cluster, Cluster 3, 

in which waist circumference, cholesterol, triglycerides, and blood glucose level all fall 

under the definition of metabolic syndrome.  The variables of blood pressure also are 

quite elevated, but not above the WHO definition.  

In order to find if these kappa values were the result of clusters or the result of the 

correlation in the data, a simulation was run which created multivariate normal 

distributions with a covariance matrix similar to that of the NHANES data.  These 

simulated data, by design, had no true clusters.   The following steps were used: 

Step 1: Randomly create a set of 9347 six-dimensional values from a 

( , )MVN y S distribution where y  is the mean of the biomarkers from 

NHANES and S is the Sample variance-covariance matrix of the 

NHANES data.   

Step 2: Randomly choose 6 initial six-dimensional cluster starting values from 

uniform distributions with the same range as that of the data. 

Step 3: Perform a k-mean cluster analysis using the initial starting values found in 

step 2, a maximum number of clusters of 6, and the values obtained in step 

1.  

Step 4: Repeat steps 2 and 3, 20 times. 
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Step 5: Compare each set of clusters to each other finding the maximum kappa 

values, which should give 190 maximum kappa values. 

Step 6: Repeat steps 1-5, 50 times and find the mean and standard deviation of the 

maximum kappa values. 

The results showed that just having a covariance matrix as seen in the data gave a 

maximum kappa distribution with a mean of 0.544 and a standard deviation of 0.0231 for 

the 50 set of 190 kappa values.  When compared with the value of 0.588 given by the 

clustering of the original data, a standard one-sided t-test can be used.  Using a standard t-

test, a t-value of 1.90 was obtained which gave a p-value of .0313. Since the p-value fell 

below the standard .05 level of significance, we can assume that there was clustering.   

 
7.2.2 Spherized Cluster Analysis  

In using SCA on the metabolic syndrome example, the original data was 

multiplied by the inverse of the square root of its covariance matrix. Note: 

  
 
   
  
 

As shown above, this would cause the transformed data to have a covariance 

matrix of I.  The steps described above were used to generate the maximum kappa 

distribution.  The resulting distribution had a mean of 0.635 and a standard deviation 

0.126.  While this does not seem to be a dramatic improvement upon the 0.588 value 

obtained by the maximum kappa values of the original data, realize that these 

transformed data have a covariance matrix of I, so that none of the values are correlated.  

By simulation analogous to Section 7.2.1 using MVN( y ,I),  it was found that the 
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maximum kappa distribution of a 6-variate normal distribution with a maximum of 6 

clusters with a covariance matrix of I, gave a mean of 0.284 with a standard deviation of 

0.00788 for the 50 means of 190 maximum kappa values.  Clearly compared to this value 

of 0.284, 0.635 is very significant.  Using a standard t-test, one would find a t-value of 

44.6 giving a p-value of <.0001 indicating that the data were indeed clustering.  The 

cluster centers are given in Table 18. 

Both clusters 2 and 3 tend to show some characteristics of metabolic syndrome 

with cluster 2 showing elevated waist circumference, systolic blood pressure, blood 

glucose, and triglyceride levels, even the cholesterol levels falls well below the average 

cholesterol.   

 
Table 18: Spherized Cluster Centers for Six Clusters 

Cluster Waist  HDL SBP DBP TG Glucose
1 104.18* 1.26 118.54 75.72 1.06 5.18 
2 101.20* 1.09 131.50* 76.46 2.13* 12.51*
3 95.73* 1.02* 119.20 75.25 2.56* 5.09 
4 79.60 1.61 115.26 74.91 0.94 4.91 
5 81.84 1.19 110.69 63.22 0.89 4.92 
6 93.68 1.30 150.75* 78.80 1.36 5.38 

Average 91.2 1.32 121.1 73.7 1.47 5.26 
* indicates the value falls under one of the definitions of Metabolic Syndrome  

 
  
7.2.3 Elliptical Cluster Analysis  

Using ECA, the NHANES dataset gave a mean maximum kappa value of 0.496.  

This tends to seem like a move backwards from the 0.588 mean maximum kappa value 

seen using k-means clustering.   The kappa value from performing ECA on a multivariate 

normal distribution with the same correlation structure as the original data is 0.357 with a 
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standard deviation of .0211 for the 50 means.  Though the maximum kappa value has 

decreased from 0.588 to 0.496, a standard t-test gave a t-value of 5.65 giving a p-value of 

less than .0001 which indicates that clustering was occurring. 

 
7.2.4 Comparing Cluster Methods 

According to Table 19, SCA gave better results than any other method.  While it 

would be difficult to test whether the clusters within the data and the overall data have the 

same covariance structure, this would not be an unreasonable assumption.  For the 

purposes of this dissertation, SCA will be used in the creation of a Phase II test for 

metabolic syndrome. 

 
Table 19: Cluster Analysis Results (K-means vs. Spherical vs. Elliptical) 

Method 

Mean Kappa 
Value for 

Actual Data 

Mean Kappa 
Value for 

Simulated Data

Standard 
Deviation for 

Simulated Data T-value p-value
KCA 0.588 0.544 0.0231 1.9 0.0313 
SCA 0.635 0.284 0.0079 44.6 <.0001
ECA 0.496 0.357 0.0246 5.65 <.0001

 

7.3 Applications to Metabolic Syndrome 

In the metabolic syndrome example clusters have been found using SCA, which 

can be used to create a test which determines whether a treatment is reducing the 

incidents of metabolic syndrome.  For every value in the six-dimensional space that 

defines metabolic health there is an associated probability that that value is a member of 

one of the two healthy clusters or the group.  Those with metabolic syndrome would have 

a low probability of being a member of the healthy group.  As the patient’s metabolic 

health is improved by the treatment, their probability of being a member of the healthy 
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group naturally increases.  Using the Spherized Clustering method the cluster means in 

Table 20 were found. 

  
 

Table 20: Spherized Cluster Centers for Six Clusters 

Cluster Waist  HDL SBP DBP TG Glucose N 
1 104.18* 1.26 118.54 75.72 1.06 5.18 1667
2 101.20* 1.09 131.50* 76.46 2.13* 12.51* 171
3 95.73* 1.02* 119.20 75.25 2.56* 5.09 2090
4 79.60 1.61 115.26 74.91 0.94 4.91 2532
5 81.84 1.19 110.69 63.22 0.89 4.92 1795
6 93.68 1.30 150.75* 78.80 1.36 5.38 1092

Average 91.2 1.32 121.1 73.7 1.47 5.26   
 

As shown in Table 20, the biomarkers of the second cluster seems to have the 

mean of what would be considered a person with diabetes or hyperinsulimea.  The blood 

glucose level of this cluster is much higher than that of the other clusters.  When 

examining the blood glucose variable, it appeared to be the combination of two normal 

distributions note that cluster analysis found this cluster.  Running a QQ-plot without this 

cluster yielded Figure 23. 
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Figure 23: QQ-plot of Log(Blood Glucose) without Cluster 2. 
 

Note from Figure 23 that the curve is more nearly normal than what is seen in 

Figure 13, showing that cluster analysis was useful for finding the clustering of data that 

can have been causing much of the non-normality is the blood glucose data.  The other 

noticeable cluster in terms of metabolic syndrome is cluster 3.  This seems to follow 

many of the characteristics of metabolic syndrome with the cholesterol, waist 

circumference and triglycerides all falling within the metabolic syndrome definition.  

None of the clusters, however, clearly mark a metabolic syndrome cluster.  The 4th and 

5th cluster do mark what would be considered a metabolically healthy cluster.  Assuming 

that these clusters represent a clustering of healthy individuals or those without metabolic 

syndrome, the probability that an individual is a member of these clusters will be the 

statistic used to determine the individual’s metabolic health. These clusters can be 

combined into a healthy group.  This probability is found by the number of subjects 

classified in the healthy group over the total.   
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7.4 Spherical Cluster Analysis Applied to NHANES 

One problem in the use of a cluster analysis method is that it does not provide a 

simple score nor the method of determining how well it differentiates between those with 

metabolic syndrome and those without.  While Table 21 shows how well the cluster used 

to defined unhealthy agree with the WHO definition of metabolic syndrome, this gives us 

no indication as to how effective it will be as a method.   

 
Table 21: Clustering Method Effectiveness 

  Cluster 
WHO Definition  Metabolic Syndrome No Metabolic Syndrome 
Metabolic Syndrome 1865 43 
No Metabolic Syndrome 3155 4284 

 

Note that Table 21 indicates that the clustering method can be used to distinguish 

between subjects with metabolic syndrome and those without metabolic syndrome. 

 
7.5 A Phase II Trial 

A Phase II Trial using this methodology would then entail randomly assigning 

patients to either a control or a treatment group.  After a certain period of time on the 

control or the treatment, the biomarkers would be measured for the subjects.  If these 

biomarkers were inside the healthy cluster, then the subject would be scored as a one, 

otherwise the subject would be scored as a zero.  If there is a statistically significant 

difference between the proportion of those falling inside of the cluster in the control 

group and the proportion of those falling inside of the cluster in the treatment group, then 

the treatment would be considered effective.   
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The Cluster Analysis uses the number of subjects falling within the cluster for 

each of the treatment to determine the effectiveness of the treatment.  Because of this 

structure, the appropriate test is the Chi-squared test.  Consider that whether the patient is 

in the disease cluster creates the following matrix: 

 
Table 22: 2x2 Table of Disease Cluster 

 Treatment Control Total 
Disease A B A+B 
No Disease n-A n-B 2n-A-B 
Total n n 2n 

 

After adding the Yates’ correction for small values the Chi-squared test becomes: 

( )
( )

( )
( )

2 2

2 2* (B-A)/2 -.5 2* (B-A)/2 -.5
= +

(B+A)/2 (2*n-B-A)/2
χ , 

where A represented the number subjects in the treatment group which fall under the 

disease cluster, B represented the number subjects in the control group which fall under 

the disease cluster, and n represented the number of subjects in each sample.  Note that 

while the Cochran correction can be used, which suggests the average of the Chi- squared 

value and the next lower possible value, since the sample sizes must be equal, this gives 

the same equation as the Yates correction.  Also note that it is suggested that Yates 

correction should only be applied in cases where either one of the values is expected to be 

5 or less or the total number of observations is less than 40.  While the sample size for 

Phase II Trials are greater than 40, the values over all the tests can certainly be less than 5 

so the use of the Yates’ correction is valid (Ramsey 1981).  The null hypothesis then 

becomes that the treatments yields the same proportion of subjects within the disease 

cluster.  If 2 2 (1)
α

χ χ> , where α represents the acceptable type I error rate, then the null 
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hypothesis should be rejected.  Because the differences needed to be seen are differences 

in the number of subjects within the disease cluster, one would have to find the sample 

size necessary to obtain the type I and type II error by way of simulation.  
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CHAPTER EIGHT  

 Logistic Regression Method  

 
8.1 Statistical Methods 

The traditional approach to modeling success/failure events with multiple 

variables is logistic regression.  Although no “gold standard” exists in many diseases the 

use of a surrogate marker in place of the gold-standard has been recently explored in the 

following: (Morganti 2006, Mwalili 2005, Stürmer et al. 2005, Roeder et al. 1996).   In 

all of these articles, the surrogate was used either directly in the calculation of the logistic 

regression.  Mwalili explores a mixture model with using a surrogate endpoint with a true 

gold-standard.  We propose the extension of the use of logistic regression as a surrogate 

endpoint by using logistic regression on a larger population to form the surrogate 

endpoint for a subsample of the initial population.  

Logistic regression analyses the probability of events by assuming all trials are 

Bernoulli trials (Casella 2002).  Let ( )1 2 1, , , ; , ,i i i ipy y y i n⎧ ⎫′= =⎨ ⎬
⎩ ⎭

… …y  be an i.i.d. 

random sample from a p-variate normal distribution ( )MVN ,µ Σ  with sample mean y  

and sample variance-covariance matrix S.  Let xi be either 1 if the corresponding yi has 

been diagnosed with the disease or 0 for not having the disease with ( )1i ix= =p Pr .  

Then,  

 
( )

( | ).
i i

i i i

x Ber
E x= y

∼ p

p
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The logits of the unknown Bernoulli probabilities can be modeled as a linear function of 

the yi’s as follows: 

0 1 1, 6 6,log ( ) ln ...
1

i
i i i

i

it y yβ β β
⎛ ⎞

= = + + +⎜ ⎟−⎝ ⎠

p
p

p
. 

0 1 1, 6 6,( ... )
1

1 i ii y ye β β β− + + +=
+

p . 

Because there is no current gold-standard definitions for disease, we would use 

one of the current non-gold standard definitions for determining whether or not a subject 

has the disease.   

 
8.2 Applications to Metabolic Syndrome 

In the example of metabolic syndrome, logistic regression was performed using 

the standard methods discussed in section 8.1 under the WHO definition of metabolic 

syndrome.  This model yielded the results in Table 23. 

Table 23 shows all of the variables with the exception of Blood Glucose as highly 

significant in determining metabolic syndrome.  While the p-value of 0.3278 is not 

significant, this does not mean that Blood Glucose does not play a role in determining 

metabolic syndrome, simply that its effect is masked by the influence of the other 

variables or by its non-normal univariate distribution.  Using the method discussed in 

section 8.2 the resulting scoring algorithm for metabolic syndrome using the NHANES 

dataset and the WHO definition then becomes: 

1
1i SLogScore

e−=
+

   

where,  
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71.491-11.437*ln(Waist)+2.417*ln(HDL)-1.282*ln(SBP)
      -2.384*ln(DBP)-3.070*ln(TG)-0.196*ln(Glucose).
S =

  (8.1) 

 
 

 

 

 

 

 
 

 
Figure 24: Histogram of Logistic Regression Scores for Subject with Metabolic 
Syndrome (right) and without Metabolic Syndrome(left) as defined by WHO. 
 

Figure 24 shows the score using equation 8.1 on the NHANES population.  From 

Figure 24 there is obviously a more substantial shift in the scores of those diagnosed with 

metabolic syndrome and those without metabolic syndrome compared with the other 

methods.  This does not necessarily imply that the logistic regression analysis will be a 

more effective test because the WHO definition of metabolic syndrome is not a “gold 

standard.” 

Table 23: Results for Logistic Regression 
Term Estimate Std Error ChiSquare Prob>ChiSq 
Intercept 71.49 2.35 928.82 <.0001 
Waist  −11.44 0.39 844.31 <.0001 
HDL 2.42 0.17 204.66 <.0001 
SBP −1.28 0.35 13.52 0.0002 
DBP −2.38 0.35 46.12 <.0001 
TG −3.07 0.10 940.96 <.0001 
Glucose −0.20 0.20 0.96 0.3278 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 10 .1 .2 .3 .4 .5 .6 .7 .8 .9 1
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8.3 A Phase II Trial 

A Phase II Trial using this methodology would then entail randomly assigning 

patients with metabolic syndrome to either a control treatment or a test treatment group.  

After a certain period of time on the control or the test treatment, the biomarkers would 

be measured for the subjects.  The biomarkers would be used to create the score as shown 

in equation 8.1.  These scores would then be tested to find if there is a statistically 

significant difference.  Performing a Phase II treatment utilizing just the test treatment, 

either the mean score can be tested versus the score using healthy standards or the paired 

change tested versus zero or a critical value.  This can be obtained either as a single stage 

or multistage trial. 

Note that the equation 8.1 yields a likelihood score which follows a beta 

distribution.  These scores are not distributed normally, however, it also the exponential 

of what can be assumed to be normally distributed, so that: 

0 1 1 6 6... 2( ) ( , )t ty y
St Stln e Nβ β β µ σ+ + + ∼ where Stµ is the mean of the transformed score for the 

treatment population and 2
Stσ is the variance of the transformed score for the treatment 

population.  The null hypothesis would then be 0 : St ScH µ µ=  with the test  
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An alternative approach which makes use of no parametric assumptions and requires no 

transformations of the data would be the Mann-Whitney U. 
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CHAPTER NINE   

Bayesian Logistic Regression Method 

 
9.1 Statistical Methods 

Consider a Bayesian approach to logistic regression, let 

( )1 2 1, , , ; , ,i i i ipy y y i n⎧ ⎫′= =⎨ ⎬
⎩ ⎭

… …y  be an i.i.d. random sample from a p-variate normal 

distribution ( )MVN ,µ Σ  with sample mean y  and sample variance-covariance matrix S. 

Note that as discussed before, MVN is not necessary for Bayesian Logistic regression, 

but follows the conventions already established in this dissertation.   Let xi be either 1 for 

having the disease or 0 for not having the disease with ip  representing the probability of 

xi being equal to 1 and yi being the independent variables associated with xi.  Then, 

 
( )

( | ).
i i

i i i

x Ber
E x= y

∼ p

p
 

The logits of the unknown Bernoulli probabilities can be modeled as a linear function of 

the yi’s as follows:   

0 1 1, 6 6,log ( ) ln ...
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In our development, we use independent normal priors for the regression 

coefficients, though, in practice, other priors can be used.  The priors on the beta 

parameters must then be estimated (Robert 2000).  These priors can be estimated through 

use of subsamples of the population or by expert opinion.  Because there is no current 
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gold-standard definition for the disease we use one of the current non-gold standard 

definitions for determining whether or not a subject has the disease as in Chapter 8.  The 

model then becomes: 

( )

0 1 1, 6 6,( ... )
1

1
( | ).

( )

, , 0,...,6

i i

j j

i y y

i i i

i i

j

e
E x
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β ββ µ τ
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9.2 Applications to Metabolic Syndrome 

For the example of metabolic syndrome the Bayesian Logistic method followed 

the standard methodology discussed in section 9.1 with a few modifications.  In order to 

estimate the priors, a sub-sample using 5% of the data was taken.  In order to be in 

keeping with Bayesian logic, the sub-sample was not used in the subsequent analysis. 

 
Table 24: Bayesian Logistic Regression Initial Sub-sample Results 

node mean sd MC error 2.50% median 97.50% start sample 
β0 -3.187 0.6224 0.009292 -4.5 -3.149 -2.079 1001 20000
β1 6.207 2.268 0.02294 1.819 6.179 10.74 1001 20000
β2 -0.2119 1.698 0.01746 -3.6 -0.1984 3.105 1001 20000
β3 1.056 2.296 0.01978 -3.454 1.064 5.543 1001 20000
β4 2.571 2.467 0.02148 -2.254 2.559 7.415 1001 20000
β5 4.493 1.041 0.01573 2.585 4.44 6.705 1001 20000
β6 0.5496 1.761 0.01556 -2.844 0.5201 4.033 1001 20000

  

 For all of the Beta coefficients, a N(0,.001) was used as the prior distribution. 

Initial values for the Beta coefficients were 1 for the first run and the initial values of 2 

for the Beta coefficients for the second run.  The mean and standard deviation of the beta 

coefficients for the sub-sample run was used as the mean and standard deviation of the 

normal distribution placed onto the priors for the larger NHANES sample.  These results 
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are shown in Table 24.   The initial values used were the same as used for the sub-sample.  

Using the metabolic syndrome example, the following results seen in Table 25 were 

obtained.   

 
Table 25: Bayesian Logistic Regression Results 

node mean sd MC error 2.50% median 97.50% start sample 
β0 −3.25 0.074 0.0012 −3.40 −3.254 −3.11 1001 20000
β1 11.34 0.359 0.0048 10.65 11.34 12.05 1001 20000
β2 −2.43 0.171 0.0016 −2.76 −2.43 −2.10 1001 20000
β3 1.16 0.327 0.0031 0.52 1.16 1.80 1001 20000
β4 2.55 0.325 0.0031 1.91 2.54 3.18 1001 20000
β5 3.13 0.102 0.0014 2.93 3.13 3.33 1001 20000
β6 0.21 0.201 0.0017 −0.18 0.21 0.60 1001 20000
  

 

iteration
1001 2500 5000 7500 10000
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   12.0

   14.0

   16.0

 Figure 25: Bayesian Logistic Regression Convergence Tracking Chains. 

 
The iterative simulation process used in this analysis creates two difficulties with 

convergence.  If the simulation does not start after enough iterations or have a long 

enough “burn-in” period, then the initial iterations can still be influenced by the starting 

approximations.  This was tested by tracking the convergence.  As seen in Figure 25 both 

runs seem to track together fairly well from iteration 1000 on to iteration 10,000 for β1, 

similar results were seen for β2 – β6 as well as β0.   From this figure it was apparent that 

after 1000 iterations, the value obtained for the parameters of interest, or the beta 
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parameters, were converging.  If the simulation does not run long enough, then the other 

issue of convergence is that the iterations can not adequately sample from the target 

distribution.  For this issue, convergence was checked by using two sets of starting 

values. The MC error is a measure of agreement between two chains with differing 

starting values, if the MC error is low enough, then the samples are adequately sampling 

from the target distribution.  The results can be seen in Table 25. The MC errors seen in 

are all less than 2% of the standard deviations of the betas, which tends to confirm 

convergence. 

 
 

lag
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Figure 26:  Bayesian Logistic Regression Autocorrelation Plots 

 
Another issue of interest is the possibility of autocorrelation.  Note from Figure 

26, there appears to be no problem with autocorrelation in this model as the 

autocorrelation quickly drops to zero for β1.  Similar results were seen in  β2 – β6 and β0 

(data not shown).  The last issue to be checked is the choice of prior distributions. In 

using a sub-sample of data in order to develop the prior, the variance of the prior can be 

too tight.  In order to ensure that the variance did not cause a problem, the variance of the 

prior was doubled to determine if there was a substantial difference in the posterior 

distribution obtained.  The posterior distribution did not change much from the doubling 

of the variance.  As can be seen from Table 26 the results of doubling the variance had 
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little effect on the results.  This tends to show that the prior did not greatly affect the 

results.  In Figure 27, we can see the posterior for β1, note that the posterior is nearly  

 
Table 26: Bayesian Logistic Regression Results with a Doubled Variance on Priors from 

Table 25 
node mean sd MC error 2.50% median 97.50% start sample 
β0 -3.26 0.076 0.0013 -3.41 -3.263 -3.11 1001 20000 
β1 11.43 0.381 0.0052 10.70 11.430 12.18 1001 20000 
β2 -2.43 0.172 0.0016 -2.77 -2.430 -2.10 1001 20000 
β3 1.23 0.345 0.0033 0.56 1.233 1.91 1001 20000 
β4 2.45 0.343 0.0034 1.78 2.444 3.12 1001 20000 
β5 3.14 0.103 0.0014 2.93 3.135 3.34 1001 20000 
β6 0.17 0.204 0.0017 -0.23 0.170 0.57 1001 20000 
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Figure 27: Bayesian Logistic Regression Posterior Distributions of the Parameters of 

Interest 
 

normally distributed, showing that the use of the mean in this case would give nearly the 

same results as the use of both the median and mode.  Similar results were seen for β2 – 

β6 and β0 (data not shown).   For the purpose of consistency, the mean will be used for the 

factors in the development of the Phase II Trial. 

 
9.3 Bayesian Logistic Regression Analysis Applied to NHANES 

Using the method discussed in section 9.2 the resulting scoring algorithm using 

the WHO definition and the NHANES dataset then becomes: 
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1
1i SLogScore

e−=
+

   

where,  

    
-3.254-11.34*ln(Waist)+2.426*ln(HDL) -1.159*ln(SBP)

      -2.545*ln(DBP) -3.127*ln(TG)-0.2099*ln(Glucose)
S =

     (9.1) 

Note that like logistic regression the use of Bayesian Logistic Regression gives a 

score with a range of 0 to 1.  The use of this score has a more definite interpretation in 

that unlike the other methods, it estimates the probability that an individual will be 

diagnosed with metabolic syndrome under the WHO definition. The results are very 

similar to those obtained by the use of Logistic Regression, but the alpha or β0 is 

substantially different.  This difference can be accounted for by the fact that the mean of 

the independent variables was subtracted from those variables.  

 

 

Figure 28: Histogram of Bayesian Logistic Regression Scores for Subject with Metabolic 
Syndrome (right) and without Metabolic Syndrome(left) as defined by WHO. 
 

Though Figure 28 shows a substantial difference between the scores of those 

diagnosed with metabolic syndrome and those not compared with the other methods, this 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 10 .1 .2 .3 .4 .5 .6 .7 .8 .9 1



84 
 

does not necessarily imply that the Bayesian logistic regression analysis will be a more 

effective test because the true test does not make use of the WHO definition of metabolic 

syndrome.   

 
9.4  A Phase II Trial 

A Phase II Trial using this methodology would then entail randomly assigning 

patients with metabolic syndrome to either a control treatment or a test treatment group.  

After a certain period of time on the control or the test treatment, the biomarkers would 

be measured for the subjects.  The biomarkers would be used to create the score as shown 

in equation 9.1.  These scores would then be tested to find if there is a statistically 

significant difference.  Performing a Phase II treatment utilizing just the test treatment, 

either the mean score can be tested versus the score using healthy standards or the paired 

change tested versus zero or other critical value.  This can be obtained either as a single 

stage or multistage trial. 

Note that the equation 9.1 yields a likelihood score which follows a beta 

distribution as discussed in Chapter 8.  These scores are not distributed normally, 

however, it also the exponential of what can be assumed to be normally distributed 

parameter, so that: 0 1 1 6 6... 2( ) ( , )t ty y
St Stln e Nβ β β µ σ+ + + ∼ where Stµ is the mean of the 

transformed score for the treatment population and 2
Stσ is the variance of the transformed 

score for the treatment population. The null hypothesis would then be 0 : St ScH µ µ=  with 

the test: 
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then the null hypothesis can be rejected. 

Since these scores are not distributed normally, an alternative approach which 

makes no parametric assumptions would be the Mann-Whitney U test outlined in Chapter 

4.  The final test would then be: 
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where it  is the number of tied ranks in a particular set and Ut is the transformed sum of 

ranks for the treatment. If z>zα, then the null hypothesis should be rejected. 
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CHAPTER TEN 
 

 Comparison Testing Methodology   
 
 

10.1 Establishing a “Gold Standard” Using Experts 

In this dissertation we proposed six methods as candidates for effective measures 

of metabolic health.  The efficacy of a test should be based on the test’s ability to 

measure a change toward healthy standards.  For cases where no gold standard exists, 

experts in their respective fields will have informed opinions as to what values for the 

biomarkers that would be considered as defining a healthy subject.  In the example of 

metabolic syndrome, expert opinion was elicited to determine what would be considered 

normal biomarkers for a metabolically healthy subject. O’Hagan (1998) discusses 

methods of eliciting expert opinion.  We surveyed four physicians in the fields of General 

Practitioner, Family Medicine, Sports Medicine, and Internal Medicine with the question 

of what range of biomarkers values they would expect to see in a healthy individual.  The 

resultant answers were averaged and the mid-range of the values was used as the 

biomarkers of the standard healthy individual for testing of the various methods.  The 

questions and the answers obtained from the physicians are given in Appendix A as well 

as the methodology for interpreting the results.  Because the six proposed methods make 

use of the NHANES dataset, we must make use of expert opinion in simulating the 

effectiveness of the methods, so as not to bias the results.  Using expert opinion as the 

standard of health ensured that no method was given preferential treatment.   

In the survey, the experts were asked to estimate the range of values for each 

individual biomarker that they would expect to see in a healthy female and a healthy 
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male.  To fully elicit the range of values and estimate a distribution of values, this 

procedure should be repeated with the same physicians after time to allow for time to 

forget their previous responses to determine the variation in belief of the experts and their 

certainty of the values. The procedure then must be repeated with additional physicians 

over an appropriate period of time and with different methods of questioning.  Because of 

limited access to physicians, we were not able to thoroughly question the physicians to 

ensure the accuracy of our elicited estimates but we will use the results to illustrate the 

methodology.  Usually a range is used as the physicians are used to defining levels of 

biomarkers as “cutoffs” between “health” and “disease”.  Using the mid-range values of 

each biomarker and taking the average of the gender and the average of the results for 

each of our four experts, the healthy ranges give the following values: 

Waist Circumference - 80.72 cm. 

Triglycerides - 1.38 mmol/L  

Blood Pressure - 112.96/68.82  

HDL Cholesterol - 0.91 mmol/L  

Blood Serum Glucose level - 4.91 mmol/L 

 
10.2 Comparison of the Methods 

 In order to compare these methods, a simulation was created which simulates a 

treatment group of 50 patients changing from bad metabolic health to good metabolic 

health (as defined in the previous section) and control group of 50 patients with no 

change at all.  This simulation was run 10,000 times at various stages of metabolic health.  

Each run was scored by the six methods (PCA, Bootstrap PCA, D-squared (Dsq), 

Spherical Cluster (SC), Logistic Regression (LR) and Bayesian Logistic Regression 
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(BLR) methods) in order to determine if there was a statistically significant change as 

measured by each method. To compare the methods, the type I error rate was held 

constant in this dissertation at 0.05 for all of the methods and the type II error rate is 

compared.  A group of metabolically unhealthy individuals was simulated by sampling 

from a multivariate normal distribution using the mean of the biomarkers of those 

subjects in the NHANES sample that had metabolic syndrome as defined by WHO.   

Note that in a Phase II trial, there are two sources of variation.  The first source is 

between subject variation.  Presumably, a Phase II trial would not use subjects who are 

borderline for having metabolic syndrome.  The variance of the subjects would then be 

less than the variance of the entire metabolically unhealthy population.  To simulate this, 

we used half of the standard deviation of the biomarkers of the NHANES subjects who 

had metabolic syndrome by the WHO definition. The second source of variation is within 

subject variation.  This variation should be smaller than the between subject variation.  

To simulate this variation, we use 10% of the standard deviation of the biomarkers of the 

NHANES subjects who had metabolic syndrome by the WHO definition.  Note that the 

variance structure of the unhealthy sample is then a diagonal matrix with the one-half 

standard deviation of the respective biomarkers, as measured using the WHO definition, 

on the diagonal.  This was done because, as seen in Chapter 2, the biomarkers for those 

falling under each of the definitions for metabolic syndrome were nearly independent as 

opposed to the correlated population inside the cutoffs as well as the whole population.  

This issue is discussed in Section 3.3.   
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Thus the following steps were taken: 

Step 1: Simulate two (xti and xci) metabolically unhealthy groups of 50 individuals 

using the mean of those under the WHO definition of metabolic syndrome 

using half the variance of those falling under the WHO definition.   

Step 2: Add random normal noise to the control with a variance equal to 10% of 

the variance of those under the WHO definition.  This simulates the 

smaller amount of variance seen in individuals.  

Step 3: Add a percentage of the difference between the unhealthy mean (that is 

those falling under the WHO definition) and the healthy mean (those not 

falling under the WHO definition) to the results obtained from step 1.   

Step 4: Use the six methods (PCA, Bootstrap PCA, Dsq, SC, LR and BLR) to 

obtain scores. 

Step 5: Compare these scores to determine if there is a statistically significant 

difference. 

Step 6: Repeat steps 1 through 5, 10,000 times counting the number of times for 

each method that a statistically significant difference was observed. 

In each stage we added a percentage of the difference between the unhealthy 

mean and the healthy mean (For 7.5% reduction to 25% in increments of 0.5%) of the 

distance to the healthy mean (as determined by the panel of experts).  We accomplished 

this by adding that percentage of the distance as a normally distributed variable to each of 

the individual’s six simulated values.  In order to equitably compare these methods, a 

type I error rate of 0.05 was assumed for all of the methods.  Further, the same sample 
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size was used for all of the methods, and the resultant power was determined and 

compared for the various methods. 

As discussed in many chapters, the choice between the non-parametric test and 

the parametric tests in testing the differences in the scores under various treatments 

should be considered based upon how closely the scores follow the normal distribution.  

In the case of metabolic syndrome, the biomarkers used were relatively normally 

distributed with the exception of the log of the blood glucose.  PCA and Bootstrap PCA 

scores are simply a linear transformation of the biomarkers. Since the t-test is fairly 

robust in terms of departure from normality and the biomarkers are relatively normally 

distributed, the t-test will be used in determining the effectiveness of the principal 

component analysis and bootstrap principal component analysis. The t-test performed 

was a one sided t-test because in most cases, it is only of interest if the treatment works 

significantly better than no treatment.  The test will then be: 
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where ty  represented the mean score of the treatment sample, cy  represented the mean 

score of the control sample, tS represented the standard deviation of the treatment 

population score, cS represented the standard deviation of the control population score, 

and n represented the number of subjects in each of the samples.  Assuming nt=nc=n, the 

degrees of freedom associated with this test was 2*n−2, so that if .05,2 2nt t −≥  then we 

could conclude that the control and treatment populations were significantly different. 



91 
 

In the case of cluster analysis, as discussed in Chapter 7, the cluster analysis must 

be analyzed in a different manner, though, because in determining whether the subjects 

fall in the healthy cluster, we obtained a binomial response.  In order to analyze the 

difference in the number of subjects who are in the metabolic syndrome cluster between 

the control and the treatment group, the standard Chi-squared test was used as discussed 

in section 7.5.  The Chi-squared test becomes, 

( )
( )

( )
( )

2 2

2 2* (B-A)/2 -.5 2* (B-A)/2 -.5
= +

(B+A)/2 (2*n-B-A)/2
χ , 

where A represented the number subjects in the treatment group which fall under the 

disease cluster, B represented the number subjects in the control group which fall under 

the disease cluster, and n represented the number of subjects in each sample. 

In the case of the D-squared, Logistic Regression, and Bayesian Logistic 

Regression method, as discussed in Chapter 6, 8 and 9, the lack of normality of the test 

statistic precludes the use of the t-test.  In this case, the Mann-Whitney U test will be 

used.  The test is then found by taking the rank of the two sets of samples and summing 

the rank of both samples.  The highest sum of ranks for the treatment is represented by 

Ut.  Then, 
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where it  is the number of tied ranks in a particular set.  Assuming a 0.05 level of 

significance and a sample size of 50 for both the treatment and control group, if z>1.645, 

then the null hypothesis, that the mean ranks of the treatment group and control group are 

equal, should be rejected.   
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10.3 Results 

  Using the simulation described in Section 10.2, we obtained Table 27. As can be 

seen in Table 27, when choosing a power of 80%, Bayesian Logistic Regression and 

Logistic Regression are superior to other methods needing less than a 9.0% change 

towards health.  At 95% power, these two methods are also superior needing less than a 

10% change toward health to achieve 95% power. 

 
Table 27 : Likelihood of Positively Identifying Change Toward Healthy 

Standards by Test for 10,000 Iterations 

Percentage 
of Change 
towards 
Healthy 

Logistic 
Regression 

Bayesian 
Logistic 

Regression

Principal 
Component 

Analysis 

Bootstrap 
Principal 

Component 
Analysis 

D-
Squared 
Analysis 

Cluster 
Analysis

7.50% 0.488 0.511 0.014 0.021 0.155 0.007 
8.00% 0.629 0.653 0.025 0.040 0.199 0.006 
8.50% 0.763 0.785 0.045 0.066 0.253 0.011 
9.00% 0.867 0.883 0.093 0.128 0.318 0.014 
9.50% 0.931 0.940 0.149 0.204 0.381 0.015 

10.00% 0.968 0.973 0.216 0.287 0.456 0.020 
10.50% 0.988 0.989 0.317 0.404 0.526 0.029 
11.00% 0.996 0.997 0.415 0.509 0.591 0.031 
11.50% 0.998 0.999 0.526 0.627 0.651 0.043 
12.00% 1.000 1.000 0.636 0.731 0.713 0.046 
12.50% 1.000 1.000 0.737 0.815 0.766 0.065 
13.00% 1.000 1.000 0.825 0.890 0.808 0.075 
13.50% 1.000 1.000 0.890 0.939 0.840 0.089 
14.00% 1.000 1.000 0.931 0.963 0.880 0.103 
14.50% 1.000 1.000 0.962 0.982 0.903 0.129 
15.00% 1.000 1.000 0.980 0.989 0.931 0.145 
15.50% 1.000 1.000 0.990 0.997 0.947 0.160 
16.00% 1.000 1.000 0.995 0.998 0.958 0.178 
16.50% 1.000 1.000 0.998 1.000 0.970 0.203 
17.00% 1.000 1.000 1.000 1.000 0.981 0.230 
25.00% 1.000 1.000 1.000 1.000 1.000 0.807 
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change towards health.  If all of the variables contributed equally to the change, the 9.0% 

change towards health would translate to an average waist circumference decrease of 2.6 

cm, an increase of HDL cholesterol of 0.002, a decrease in systolic blood pressure of 

1.33, a decrease in diastolic blood pressure of 0.412, a decrease in triglycerides levels of 

0.079 and a decrease of blood glucose levels of 0.070.  

The clustering method had the highest type II error rate because it required 

subjects to fall outside of the metabolic syndrome definition before detection.  This 

would indicate that the subject is not only getting healthier, but that their health has 

improved enough that they would no longer be considered to have metabolic syndrome. 

Clearly, in this case, there was no single well-defined metabolic syndrome cluster 

obtained from the experts that can be used immediately for cluster analysis.  The lack of a 

well-defined metabolic syndrome cluster may have caused cluster analysis to perform 

poorly in the simulation. 

None of the four methods of Bayesian Logistic Regression, Logistic Regression, 

Bootstrap Principal Component Analysis and Principal Component Analysis, were the 

clear winners in the simulation trials.  These methods are fairly comparable with the 

advantage going to the Bayesian Logistic Regression method only up to a Power of 95%.  

The power was also greatly influenced by the assumed variation of both the simulated 

unhealthy group and the simulated unhealthy individuals.  Recall that a variation equal to 

half the variation of those falling under metabolic syndrome was used for each simulated 

group of 50.  It was also assumed that the individuals would have a variance of one-tenth 

the variation of those falling under metabolic syndrome.  If these variations were 

changed, the resultant analyses would also change.    
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The sample sizes in the creation of an efficacious Phase II Trial are dependent on 

the level of significance, the power and the amount of change that needs to be seen.  

Since this is usually determined by a medical professional, the analysis performed in this 

dissertation assumed a constant level of significance of 0.05 and a constant power of 

80%.  Changing the sample size, Table 28 shows the amount of change that would be 

needed in order to be statistically significant using the Bayesian Logistic Regression 

Analysis Method.  Note that even at the sample size of 30 for the control and 30 for the 

treatment group, the test remains quite efficacious in that only an average decrease of 

2.919 cm (~1.15 in.) in waist circumference with minimal changes in the other variables 

is necessary to determine statistical significance.  

 

10.4 Summary 

 The Bootstrap Principal Component Analysis Method, Principal Component 

Analysis Method, Bayesian Logistic Regression Method, Logistic Regression Method 

outlined in this dissertation all provide a highly efficacious way of performing Phase II 

Trial in cases where multiple biomarkers are used in place of a gold standard test for 

Table 28: Average Change in Biomarkers to be Statistically Significant by 
Number of Subjects for  Bayesian Logistic Analysis Method 

  
Number of Subjects in Both the Control and Treatment 

Sample 
Biomarker 50 45 40 35 30 25

Waist  2.249 2.378 2.507 2.687 2.919 3.201
HDL -0.001 -0.001 -0.002 -0.002 -0.002 -0.002
SBP 1.148 1.215 1.281 1.374 1.493 1.639
DBP 0.355 0.375 0.396 0.425 0.462 0.507
TG 0.068 0.072 0.076 0.082 0.089 0.097
Glucose 0.061 0.064 0.068 0.073 0.079 0.086
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determining a disease status.  Though the use of any of these methods can be problematic 

in the fact that they all have relied on knowing the biomarkers of the general population, 

in many of the diseases where there exists no gold standard for defining the disease, the 

biomarkers are commonly tested.  Given the fact that most hospitals are moving towards 

computerized records which are standardized across the nation, the data required in the 

performing of these methods will become increasingly available.  NHANES already 

provided many standard biomarkers for large sample sizes, and U.S. National Institute of 

Health is making a genetic database accessible to all researchers 

 Both the Bayesian Logistic Regression and the Logistic Regression Methods use 

the non-gold standard definition for determining the Phase II Trial.  This dissertation 

demonstrates that the use of the non-gold standard can still be very informative as it gave 

an efficacious test for finding improvements in metabolic health.  This suggests that if the 

non-gold standard is adequately able to define the disease, it can still be used in the 

creation of an effective test. 

One potential problem that can occur when using the Principal Component 

Method is that there can be a multivariate disease in which the first principal component 

of the biomarkers is skewed.  Take, for instance, if an elevation in biomarker 1 indicates 

that the subject can have disease A or B, while biomarker 2 indicates which disease can 

be present.  In this case, the principal component can be skewed between the two diseases 

and would not be as efficacious.  While this would cause a problem with the PCA 

method, it should cause no problem with the D-squared analysis method.  Because the D-

squared method uses a standardized distance measure and makes use of all principal 

components, not just one, it would be more robust with respect to these types of 
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deviations.  One potential problem in the use of the Logistic Regression or Bayesian 

Logistic Regression is that if the non-gold standard of measurement of a disease is not 

close to the true disease, the results can not be as effective and those seen in metabolic 

syndrome.    
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CHAPTER ELEVEN 
 

Conclusions 
 

11.1 Conclusions and Future Research 

1. In this dissertation we have explored and developed seven possible methods by 

which to measure the efficacy of various multivariate treatments which may be 

incorporated into Phase II clinical trials.  Many of these methods are known 

multivariate techniques never extended to Phase II clinical trials or methods 

adapted new to the Phase II clinical trial problem.  In the medical community, 

medical diagnoses now have advanced associating many formally diverse 

symptoms into syndromes of related diseases permitting treatments to become 

more sophisticated.  This progress requires new multivariate methods to use to 

compare treatment combinations:   

a. Syndromes defined by multiple biomarkers require advanced multi-

symptom treatments and testing.  These treatments are desirable because 

they reduce the chance of treatment interaction, reduce the cost of the 

medication and can give more efficient and potentially more efficacious 

treatments.  

b. The current methods employed by biostatisticians are not sufficient in the 

analysis of these new types of treatment.  Methods used to analyze 

treatments which treat multiple symptoms include: 

i. Treat the disease as a combination of independent variables and 

perform univariate analysis on each symptom. 
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ii. Use T-squared testing to compare and test groups with multiple 

dependent variables.  This method determines if the groups are 

different, but does not test for improvement.   

iii. Convert continuous biomarkers to a binary variable based on 

whether the subject has the disease.  This conversion significantly 

decreases the efficiency of the test. 

c. In this dissertation we have explored possible methods to measure the 

efficacy of various multivariate treatments.  We propose, develop and 

formulate seven multivariate tests which can be used to evaluate 

multivariate Phase II tests.  We then evaluate the characteristics of each 

method using metabolic syndrome as an example. The methods used are:  

i. Principal Component Analysis 

ii. Bayesian Principal Component Analysis 

iii. Bootstrap Principal Component Analysis 

iv. D-Squared Analysis  

v. Cluster Analysis 

vi. Logistic Regression 

vii. Bayesian Logistic Regression 

2. Principal Component Analysis 

a. PCA is primarily used as dimension reduction technique. 

b. The primary principal component represents the direction of greatest 

variation. 
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i. We theorized that this may be used as a surrogate endpoint which 

combines the effects of the actual proposed surrogate endpoints 

used currently as univariate endpoints into a single dimensional 

effect.  We theorized that the use of a correlation matrix and 

principal eigenvector estimated from a healthy population would 

define much of the association between the symptoms and the 

direction of principal difference between the healthy and non-

healthy within the population.   

ii. Much of the variation in the biomarkers may be caused by the 

disease syndrome of interest rather than random change or another 

disease syndrome, thus the direction of greatest variation may also 

measure the principal direction of improvement/progression in the 

biomarkers of the disease. 

c. Using the NHANES dataset to estimate the direction of the syndrome 

based upon PCA and the metabolic syndrome example, we created a Phase 

II test using the primary principal component method to measure the 

effectiveness of this method.   

d. PCA yielded an effective test in estimating the probability that the 

treatment improved the metabolic health of the subjects. 

e. Future research should include using multiple principal components in the 

creation of a Phase II test. The D-squared Analysis described below uses 

all principal components, but the use a certain number of principal 

components may reduce the noise in the model. 
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3. Bayesian Principal Component Analysis 

a. We used BPCA because PCA does not allow the use of prior knowledge 

and is not based on a general probability model. 

b. BPCA has not previously been used in large datasets. 

c. We used and modified the BPCA model presented by Bishop (1999) in 

order to find the principal components of the NHANES dataset.  

d. In the use of BPCA, there were difficulties with convergence. 

i. While we were able to obtain with-in sequence convergence, we 

were not able to obtain between sequence convergence.  

ii. An initial prior of Gamma(0.001,0.001) was used for many of the 

quantities of interest.  In order to address the issue of convergence, 

a Gamma(1,1) was used.  Though the prior knowledge did not 

justify the use of a Gamma(1,1), this prior was used to determine if 

the priors were influencing convergence.  The number of iterations 

used was also increased from 10,000 to 50,000.   We were not able 

to obtain between sequence convergence with either of these 

changes.  

iii. Lack of convergence may be due to a flaw in the method or a lack 

of computational power.  It is also known that if global maximum 

lies on either a ridgeline or a nearly flat plateau, between sequence 

convergence may be difficult to obtain. 

e. There is little known about the distribution of principal components.  

Research in the area of the distribution of principal components would aid 
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in the creation of prior distributions.  This may be accomplished through 

more research in the theory of principal components or a detailed study of 

principal components using bootstrapping. 

f. The difficulty in convergence with BPCA can be due to both the 

complexity of the model and the size of the sample.  Future research 

should also include a sensitivity analysis using simulations with specific 

models and priors with known parameters using smaller but increasing 

sample sizes should be developed and tested.  In addition, the number of 

variables and the sample size should be varied to determine the number of 

iterations required for convergence. The association between the number 

of parameters in the model, number of training samples, and the maximum 

number of iterations possible with modern computers needs to be 

explored.  The use of inexact priors and/or incorrect parameters should be 

tested to verify ranges of iterations necessary to obtain convergence. 

4. Bootstrap Principal Component analysis 

a. Due to lack of convergence in Bayesian Principal Component Analysis, 

we applied a bootstrap method which allows for a greater understanding of 

the distribution of the principal components then PCA.  The bootstrap 

method simulates the distribution of the principal components by using a 

known population of healthy subjects. 

b.  We created a Bootstrap method for estimating the distribution of the 

principal components using the NHANES data similar to the methodology 

discussed by Mehlman (1995).  Unlike Mehlman, after performing 
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bootstrap PCA, we used the resultant principal component as a surrogate 

endpoint for a Phase II test.  We then simulated a Phase II test and applied 

the surrogate endpoint found using bootstrap PCA.  

c. Bootstrap PCA allowed for a Phase II test which was slightly more 

effective than the PCA method. 

5. D-squared Analysis 

a. Mahalanobis distance is primarily used as a distance measure and may be 

used as a method of measuring the multivariate distance for each subject 

from the mean of the healthy population that is approximately distributed 

as a multivariate normal. 

b. Unlike PCA and BPCA discussed above, this method takes into account 

all of the principal components.  

c. A test can be developed using the ratio of the sum of the d-squared scores 

for two groups.  This test can be nearly approximated by the ratio of two 

non-central chi-squared distributions with the same non-centrality 

parameter.  The distribution of the ratio of two non-central chi-squared 

distributions is currently unknown. Future areas of research should include 

developing a test for the ratio of two non-central chi-squared distributions. 

d. We used the NHANES dataset to predict the variance-covariance matrix 

and means to create a surrogate test and simulated a Phase II test in order 

to find the effectiveness of using this method. Without assuming a 

multivariate normal as a known distribution to test the sum of the d-

squared scores, we used a non-parametric test. 
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e. We found that D-squared analysis is not as effective as PCA, BPCA, LR 

or BLR in detecting differences in the overall metabolic health of two 

groups.  

f. Future research would center around two aspects of the test.  The first is 

using the NHANES data and using a stepwise method to develop a 

reduced distance measure to compare Phase II clinical trial treatments and 

comparing these models to see if there is an improved efficacy by 

removing non-significant eigenvectors from the model.  The second is to 

develop the distribution of the ratio of D-squared scores between 

treatments and the ratio of two non-central chi-square distributions with 

the same non-centrality coefficients under the null hypothesis of equality. 

6. Cluster analysis 

a. Cluster Analysis has previously been used as a method for determining the 

existence of separate “clustered” subgroups, such as a “healthy” subgroup 

and a “disease” subgroup.   If we can determine the “disease” cluster, then 

we may be able to form a Phase II test based on whether subjects are 

within that cluster or in another cluster. 

b. In using standard k-means spatial clustering, clusters may be found in a 

population, such as NHANES, whether or not they truly exist.  This is 

problematic because we can not determine if the cluster found truly 

represents a cluster in nature or is a product of the cluster process used.  

This is demonstrated in the fact that randomly generated samples from a 
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multivariate normal distribution will yield clusters using k-means 

clustering. 

c. We developed a method for determining the consistency of clusters given 

differing starting values using the Cohen’s Kappa statistic and a 

simulation to compare the data with simulated data from a multivariate 

normal distribution.  We assume that if clusters truly exist then they will 

be consistent and contain the same data points when differing starting 

values are applied.  Using Cohen’s kappa we compare whether the clusters 

obtained by one set of starting values contain the same data points as the 

clusters obtained from another set of starting values. We also developed a 

test for finding whether the clusters found are more consistent than would 

be found from a multivariate normal distribution with a similar variance-

covariance matrix.  While this methodology was used assuming the null 

hypothesis that the data was a sample of a multivariate normal 

distribution, this method can certainly be extended to other distributions. 

d. We then elucidated some of the problems seen with consistency of clusters 

when the data is correlated and k-means clustering is used.  The Cohen’s 

kappa of clusters when the data is highly correlated is greater than the 

Cohen’s kappa of non-correlated data when simulating from a multivariate 

normal distribution.  Further, the clusters found using standard k-means 

clustering on highly correlated data may not be the clusters that truly exist. 

e. We proposed methods named Spherized and Elliptical Cluster analysis as 

methods of correcting for correlated data. 



105 
 

i. Both methods in theory reduce to the k-means cluster analysis 

method if the data are uncorrelated and worked nearly as well as k-

means clustering when simulating datasets with little correlation 

among the variables. 

ii. Both methods worked better than k-means clustering when the data 

was found to be highly correlated. 

f. Using Spherized Cluster analysis, if Y is the dataset with estimated mean 

y , variance-covariance matrix S, and
1 1

2 2
1' { ,..., }pS A Diag Aλ λ=  where A 

is the matrix of eigenvectors of S and λi is the ith eigenvalue, then 

1
2−=Z S Y is approximately spherical.  If iΣ  represents the covariance 

matrix of the ith cluster and ΣY  represents the covariance matrix of the 

entire dataset, then the SCA assumes that *i YζΣ = Σ  where ζ  is constant 

for all i.   

g. Elliptical Cluster Analysis assumes only that '*i iζΣ = Σ .  Using an 

iterative process, Elliptical Cluster analysis corrects for the correlation in 

the Y without correcting for the correlation within the clusters. 

h. Spherized Cluster Analysis was more effective than k-means and elliptical 

cluster analysis in finding clusters within the NHANES dataset.  

i. Using Spherized cluster analysis we found two clusters that represent a 

healthy group.  These two clusters were chosen because both clusters were 

centered within the healthy standards for all variables.  
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i. The Phase II test developed was based on whether or not the 

subject was within the “healthy group.” 

ii. The test was not nearly as effective as the other methods proposed 

because it converted continuous biomarkers to a binary surrogate 

endpoint. 

j. Future research 

i. Spherical and Elliptical Cluster analysis should be further 

researched as it seemed to give an effective way of dealing with 

highly correlated samples.  The research should include both when 

Spherical Cluster Analysis is applicable and the ability of the 

method to find consistent clusters.  A sensitivity analysis should be 

performed to determine the level of correlation needed for 

Spherized and Elliptical Clustering to be useful.  Simulations 

should also be run to determine the effectiveness of Spherized and 

Elliptical Cluster analysis under various types of clustering.   

ii. Cluster analysis did not create an effective test because metabolic 

syndrome seems to contain other diseases such as Diabetes which 

do not give a clear metabolic syndrome cluster.  Future research 

should be considered in determining if there are clear disease 

clusters and if effective test can be formulated when there are clear 

disease clusters. 

iii. Another reason the clustering method was not as effective as other 

methods was its use of a non-continuous scoring algorithm.  Future 
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research should focus on developing a continuous scoring 

algorithm which makes use of the clusters formed by the disease. 

This may be accomplished by using the distance of the subjects 

from the disease cluster.  

iv. Unlike Spherized Cluster Analysis, Elliptical Cluster Analysis uses 

an iterative method to correct for the correlation of the dataset.  

Future research should address under what circumstances 

convergence can be obtained using the ECA process.  This can be 

accomplished by performing a sensitivity analysis.   

7. Logistic and Bayesian Logistic Regression  

a. Both LR and BLR are traditionally used as a mode of modeling the 

probability of a binary event using dependent variables.  Customarily, the 

binary event is a “gold standard” or binary event with substantially smaller 

variability than the modeling variables.   

b. Using LR and BLR we modeled the probability of having the disease 

based upon the NHANES dataset and using the symptoms of the disease 

on a large sample that represents the population.  We then used the 

equations generated to estimate the probability of having the disease as a 

Phase II test, theorizing that a decrease in the probability of having the 

disease would be an improvement in disease health.   

c. LR and BLR were found to be the most powerful of the tests in measuring 

statistically significant changes toward the mean of the healthy population.  
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d. When we performed the LR and BLR methods on the NHANES dataset, 

the classification was accomplished using the WHO definition of 

metabolic syndrome.  This use of the WHO definition may be problematic 

for other diseases whose non-gold standard definition is less accurate as to 

the true disease.  Further we would expect that LR and BLR would be less 

powerful if the data used to “train” the classifier obtained from LR or BLR 

were independent of the data used in the Phase II test. 

8. Results 

a. We developed a simulation for determining the effectiveness of the six 

methods in identifying a statistically significant change in the metabolic 

health of an individual.   

b. We used information elicited from experts in the formation of our 

simulation.  This elicitation from experts allowed the simulation to be 

completely independent of the methods being tested.  This simulation 

estimated the power of the method assuming that the sample size was 

constant and the type I error rate was constant among the methods at 0.05. 

c. With the exception of cluster analysis, these methods are also superior in 

that they do not assume that the biomarkers of the disease are independent. 

d. Further research should be considered in applying these methods to other 

multivariate diseases to determine other possible limitations and attributes 

of the methods.  Clearly, LR and BLR provided the most effective tests for 

the metabolic syndrome example, but all of the methods with the 
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exception of the cluster analysis method provided effective tests and 

should be considered. 
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APPENDIX A 

Metabolic Syndrome Survey 
 
Thank you for taking the time to fill out this survey.  The information provided in this 
survey will be used in a study on Metabolic Syndrome.   I will be using the information 
provided in both my dissertation and possible publications from my dissertation.  
Because I will be using the information provided as expert opinion, I will referencing 
your names and credentials.   If this is a problem or you have questions about this, please 
feel free to contact me at (254) 399-0777 or Joel_Hetzer@baylor.edu.  
 

1.) What is your name and credentials? 
 

2.) Please give a brief description of your qualifications. 
 

3.) What factors would you look for in a patient to determine their metabolic health? 
 
4.) For the factors given in question 3, what ranges would you expect to see in a 

healthy person? 
 

5.) For the following factors, what ranges would you expect to see in a healthy male? 
 

a. Systolic Blood pressure  
b. Diastolic Blood Pressure  
c. Fast Blood Glucose Level  
d. Waist circumference  
e. Triglycerides  
f. HDL Cholesterol  
 

6.) For the following factors, what ranges would you expect to see in a healthy 
female? 

 
a. Systolic Blood pressure  
b. Diastolic Blood Pressure  
c. Fast Blood Glucose Level  
d. Waist circumference 
e. Triglycerides  
f. HDL Cholesterol  

 
7.) What do you think is the most influential factor in determining a person’s 

metabolic health?  
 
 
 

mailto:Joel_Hetzer@baylor.edu
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Table A-1: Survey Results Summary - Male 
Systolic BP Diastolic BP 

 Lower value Upper value  Lower value Upper value 
Response 1 90 135 Response 1 60 80 
Response 2 110 125 Response 2 75 85 
Response 3  130 Response 3  85 
Response 4 100 130 Response 4  80 
Mean 100 130 Mean 67.5 82.5 
      

Waist Circumference Blood Glucose 
 Lower value Upper value  Lower value Upper value 
Response 1  40 Response 1 60 110 
Response 2 30 34 Response 2 80 118 
Response 3  40 Response 3  100 
Response 4  40 Response 4 60 100 
Mean 30 38.5 Mean 66. 7 107 
      

Triglycerides HDL Cholesterol 
 Lower value Upper value  Lower value Upper value 
Response 1   150 Response 1 40   
Response 2   Response 2 38  
Response 3  150 Response 3 40  
Response 4   150 Response 4 40   
Mean  150 Mean 39.5  
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Table A-2: Survey Results Summary - Female 
Systolic BP Diastolic BP 

 Lower value Upper value  Lower value Upper value 
Response 1 90 135 Response 1 60 80 
Response 2 110 125 Response 2 70 80 
Response 3  130 Response 3  85 
Response 4  130 Response 4  80 
Mean 100 130 Mean 65 81.3 
      

Waist Circumference Blood Glucose 
 Lower value Upper value  Lower value Upper value 
Response 1  35 Response 1 60 110 
Response 2   Response 2 80 118 
Response 3  35 Response 3  100 
Response 4  35 Response 4 60 100 
Mean  35 Mean 66.7 107 
      

Triglycerides HDL Cholesterol 
 Lower value Upper value  Lower value Upper value 
Response 1  150 Response 1 50  
Response 2   Response 2 45  
Response 3  150 Response 3 50  
Response 4  150 Response 4 50  
Mean  150 Mean 48.75  
 

The results shown in Table 29 were not in terms of mmol/L as was used in the 

dissertation. The values of Blood Glucose, HDL Cholesterol, and Triglycerides were all 

converted to mmol/L and the values of Waist circumference were converted to 

centimeters. The upper and lower values were averaged to find the mean of a healthy 

individual. For missing responses, it was assumed that the value not missing was the 

mean of a healthy individual. The values obtained for female and male were then 

averaged to obtain the average healthy individual score with correction for gender as was 

done with the data. 
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